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C wenin ABSTRACT
3 ; In this work, we suggest the method of substitution of Laplace
BOMSR transformation to solve the partial differential equations involving more
3 [ than two independent variables. In this work, using the substitution method
e and the Laplace transform, the inverse Laplace transform, the partial
differential equations involving more than two independent variables with
initial conditions, are solve less mathematical operations than the
separation method of variables. By using the substitution method of Laplace
solves the partial linear differential equations of partial mixed derivatives
and using the substitution method of Laplace with variational iteration
method solves the partial non-linear differential equation of partial mixed
derivatives.
Keywords: Partial linear differential equations, partial non-linear differential
equations, Adomain decomposition technique.

1. Introduction

A partial nonlinear differential equation is a partial differential equation containing nonlinear
components in math and physics. However, they can be difficult to resolve numerically or conceptually
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at times. There are a variety of ways for obtaining approximate solution to such equations. They are
utilized in science and mathematics to answer issues like the Poincaré conjecture and the Calabi
conjecture, and they explain a wide range of physical phenomena, from gravity to fluid mechanics.
They are complex to analyze since there are few generic approaches that work for all of these
equations, and each one must typically be addressed as a distinct issue. The characteristics of the
operator that defines the PDE are generally used to distinguish between a linear and a partial non-
linear differential equation. A partial difference equation (PDE) in mathematics is an equation that
inflicts a connection in the middle of several partial derivatives of the multi-variable function. A partial
differential equation is the kinds of differential equations that carry unidentified multi-variables with
their partial-derivatives. Handibag and Karande have studied the partial differential equations of nth
order derivatives [7] of linear and nonlinear equation by using the substitution technique of Laplace
transform. Substitution method of Laplace is applicable on many integral equations like: Integro-
Differential Equations Including Partial Mixed Derivatives and Volterra integro-differential equations
[6-8]. The variational iteration technique [10] and Adomain Polynomial [2,3] has been broadly used to
resolve non-linear problems further and extra advantages must been identified, and various changes
have been proposed to alleviate the disadvantages that arise during the solution operation. Laplace
substitution method [5] involving mixed partial derivative is an easy process to discover the correct
solution of the (PDEs) with fewer calculations as contrast to separation method of variables [9]. The
Laplace transform in mathematics is called for its innovator Pierre-Simon Laplace that is an integral
transform who established the transform during working on probability theory. The Laplace
transforms L transfigures a function of positive variable t to a imaginary frequency s [1-4].

The major objective of this work is to present a method for solving partial linear or nonlinear
differential equations with more than two independent variables with initial conditions that include
more than two independent variables. In part 2, we will present this strong approach; in next section,
we will spread on it to various instances; and in portion 4, we will draw particular conclusions.

Definition (1): [1]

The Laplace transformation of a function f(t) is given below and convergent in given interval.

H{o}=], e o)dt=G(s); t>0,

Transformation for some functions: [1]

We are going to find Laplace transformation for some functions, like fix function, Polynomial’s,
trigonometric function and other functions.
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Table 1.Transformation for some functions

Serial no. Function g (t) Transformed function G(s)

and their convergence

1 1 1/s, s>0

2 eht 1/s—b, s>0

3 t", n=123... ni/s™, s>0

4 t°,  p>-1 I'(p+1) /s, s>0

’ Vt Jr i ng

6. t"e™ n=123,.. n!/ (s—b)™

7. sin(bt), t=0 b/s*+b?, s>0

8. cos(bt), t=0 s/s?+b?, s>0

9. sinh(bt), t>0 b/s?-b? s>|b|

10. cosh(bt), t>0 s/s?—b*, s>0

Theorem (1): [2]

The differential feature of the Laplace transformation is among the most significant properties
in linear systems thinking. It aids in the transformation of differential equations with constant
coefficients into polynomial solutions with complex coefficients. We may find the output signal
in frequency response by solving these algebraic problems. We can retrieve the matching time domain
output signal by obtaining the reverse of Laplace transformation. The property of time derivatives is
given as,

L{g'(t)} =sG(s)-g(0")
L{g"(t)} =s"G(s)-9(0)-g'(0")

2. Substitution method of Laplace for more than two independent variables:

The generalization of the non-homogenous partial differential equations and its initial
condition is:

Consider a partial differential equation

Lu(v,w,z)+Ru(u,w, z) =h(v,w, z), (1)
Its initial conditions,
u(v,0,2) = f(v,2), u,, (v,w,0) = g(v,w), u,(0,w, z) = j(w, 2). (2)

3
Hare L

pug is the resting linear terms which contain partial derivatives of at most first order
Z

Ru(v,w, z) regarding to v, w or zand h(v,w, z) remains the origin term. Equation (1) described as
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3

+Ru(v,w,z) =h(v,w, z)

OVOWOZ
Equation (2) can be in the form,
o o
— +Ru(v,w, z) =h(v,w,z 3
av[ awazJ ( ) =h( ) (3)
2
putting =V in equation (3) we conclude,
% + Ru(v,w, z) = h(v,w, z). (4)

Preceding the Laplace transform of equation (4) w. r. t, ‘v’ and applying differential property of
Laplace,

sV (s,w,z)-V(0,w,z) =L [h(v,w, z) - Ru(v,w, )]

V(s,w,2z)= %VZ O,w,2) +% L, [h(v,w, z) - Ru(v,w, z)]

V(s,w, z):é j(w, z)+%Lv[h(v,w, 2)-Ru(v,w, 2)] (5)
Now proceeding the Laplace inverse transform of (5) w. r.t‘v’,

V(v,w,z) = j(w,z)+ % L E L,[h(v,w, ) - Ru(v, w, z)]} (6)

Again substituting the value of V (v, w, z) in (6) we obtain,

olu(v,w,z) . 1 41 i
T = j(w,z)+ S L, |:S L, [h(v,w,z)-Ru(v,w, Z)]}
0| ou . 1 41
_[E}:J(W’ZHELV [gLv[h(v,w,z)-Ru(v,w,z)]}, (7)

ou
putting 8_ =T in equation (7),
VA

or . 1 41
a:J(W,z)+gLv [gLv[h(v,w,z)-Ru(v,W,z)]}. (8)

Preceding the Laplace transform w. r. t ‘w’ of (8) and applying differential property of Laplace,

sT(v,s,2)—T(v,0,2) = Lw[j(w, 2)+L," E L, [h(v,w, z) - Ru(v, w, z)]ﬂ

T(v,s,2)= %T(V,O, 2) +% g{j(w, 2)+ Lv‘1 E L [h(v,w, z) - Ru(v, w, z)]ﬂ
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TW.s 2) =§ f(v.2) +§ L [j(w, 2+ E L [n(v,w, 2) - Ru(v,w, z)]ﬂ (©)

Proceeding the Laplace inverse transform of (9) w. r. t ‘w’,

T(v,s,2)= f(v,2) +% L, E L, {j(w, z)+L," E L,[h(v,w, z) - Ru(v, w, z)]}ﬂ (10)

Again substitute the value of T (v, w, z ) in (10),

ou(v,w,z)

1. ,11 : 411
. = f(v, z)+gL W{glﬁ{](w, 7)+L, {g L, [h(v,w,z)-Ru(v,w, z)]}ﬂ (11)

Now we have in variables v, w and z first order partial differential equation. Preceding the Laplace
transformation of (11) w. r. t Z’ we obtain,

su(v,w,s)—u(v,w,0) =L, { f(v,z)+L", E L, { jw,z2)+L,* E L,[h(v,w, z) - Ru(v, w, z)]ﬂﬂ

u(v,w,s) = %u(v,w, 0) +% L, { f(v,z)+L", E Lw{j(w, 7)+L," E L,[h(v,w, z) - Ru(v, w, z)]ﬂﬂ

) ) j(w, z) +
uv,w,s)==gv,w)+=L,| f(v,z2)+L",|=L,|. ,[1 (12)

S S S L, S L,[h(v,w, z)-Ru(v,w, z)]
Proceeding the inverse Laplace transform of equation (12) w.r. t, ‘Z/,

. . j(w,z) +
u(v,w,z2)=g(v,w)+L =L | f(v,2)+L*" | = 1
( ) g( ) z S z ( ) w S I‘W LV_1|:EL,[h(V,W, Z)‘RU(V,W, Z)]:|
The exact solution of given problem is provided by above equation.
3. Applications:
Example 1: Find the solution of PDE,
o’u o .
=sinv sinw sinz, (13)
OVOWOZ

with initial conditions,
u(v,0,z) =1+cosv, u, (v, w,0) =-2sinw, u,(0,w, z) =cosz.

ou
ovowoz

Solution: In this initial value problem Lu(v,w,z)= h(v,w, z) =sinvsinwsinz and
general non-linear term Ru(v,w, z) =0,

Equation (13) can be written as,
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o ( ¢4 . .
= =sinvsinwsin z (14)
ov\ owoz

2

=U then the equation (14) becomes,
OWozZ

ou(v,w,z) . i .
T:smv sinw sin z (15)

Taking the Laplace transform of (15)w.r.t, v’

sU(s,w,z)-U,(O,w, z):(1 ! jsinw sin z.
+

SZ

2

sU(s,W,z)—cosz:£ jsinw sin z

1+s

. i COS Z
U(s,w,z) = sinw sinz +——, (16)
S

1
(1+5%) S
Taking the inverse Laplace transform of equation (16) w.r. t, V’,
U (v,w,z) =(1—cosv)sinw sinz+cosz (17)
Substituting the value of U in (17),

o’u(v,w,z)

=(1-cosv)sinw sinz+cosz (18)
OWOZ
ou .
Now let 6_ =T and equation (18) becomes,
74
W:(l—cosv)sinw Sin z +cos z (19)

Taking the Laplace transform of equation (19) w.r.t, ‘w’,

. coS z
sT(s,W,z)—T(v,0,z) =(1-cosv) ——=sinz+-—
@+s) S
1+cosv 1 . cosz
T(s,w, z):g+(1—cosv) ————sinz+-— (20)
s(1+s%) S
Taking the inverse of transformation of equation (20) w. r. t, ‘w’, we get,
T(v,w,z) =(1+cosv)+(1-cosv) (1-cosw)sinz+wcosz
Now replace the value of T,
ou .
a—T(v, W, z) = (1+cosv) +(1-cosv) (1-cosw)sin z+wcosz. (21)
74

Equation (21) contains only one partial derivative that is Z’. Proceeding the Laplace transform w. r. t,

(7

7.,
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_ _ (@+cosv) . i 1 S

su(v,w,s)—u(v,w,0) = +(1-cosv) (1 COSW)((1+32)]+W(1+32)

u(v,w,s):_zsmw+(1+cgsv)+(1—cosv) (1-cosw)[1— 1 - J+ W2 :
S S s (1+s)) (1+s9)

Taking the inverse of transformation of equation (22) w.r. t, ‘Z’,
u(v,w,z) =-2sinw+(1+cosv)z+(1-cosv) (1-cosw)(1—cosz)+wsinz.
The exact solution of problem is provided by above equation.
Example 2: Consider the partial differential equation
o’ f

—e'—efcosw=0,
OVOWOZ

With initial conditions,
f(v,0,2) =0, f,(v,w,0)=1, f,(0,w,z)=0.
Solution: The equation (23) can be expressed as,

o o*f v s
— =e' +e’cosw
ov\ owoz

2

Substituting

=M in equation (24),
owez d )

M v
—=e"+e 7’ cosw.
ov

Proceeding the Laplace transform of (25) w.r. t, v/,

sM(s,w,z)—M(0,w, z) = ! +e cosw
s—-1 S
sM(s,w,z)-0= ! +e cosw
s—-1 S
M (s,W,2) = 1 e ‘cosw

+ 2

s(s-1) S

Preceding the inverse Laplace transform of (26) w.r.t. v/, we get,
M(v,w,z) =(-1+e")+ve * cosw

2
Replacing the value of

=M in above equation,
oOWozZ

2
% =(-1+e")+ve’ cosw
z

of
Now again substituting 8_ =N in(27),
Z
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ON(v,w,z) (e
o "

Taking the Laplace transform of equation (28) w.r. t. ‘w’,

—1)+ve*cosw

SN(v,s,z)—N(v,0,2) :H+ve’zi2
S 1+s

After applying the initial condition and simplification (29) becomes,

e'-y ., 1
—+Ve -
S @+s9)

Taking the inverse of transformation of (30) w.r. t, ‘W,

N(v,s,z) =

N(v,w,z)=w(e" —1)+ve *sinw.
Again substituting the value of N,

of (v,w, 2) _w
oz

Proceeding the Laplace transform of (31) w. r .t, ‘z” and applying the initial condition,

1 w(e'-1)
s2

f(v,w,8) ==+
S

(" —1) +ve *sinw.

+vsinw(

1
s(1+5s)
Proceeding the inverse of transformation of (32) w.r. t. ‘Z’,
f(v,w,2) =1+ zw(e" —1) +vsinw(1-e~).

The exact solution of problem is given by (33) equation.
Example 3: Consider the partial differential equation

4

VOWOZO)]
(34)

=Cos j—e' + 6w’z

with initial conditions,

(28)

(29)

(30)

(31)

(32)

(33)

f,(v,w,0, J) =0, f,(v,w,0,j)=e", f,(v,w,z,0) =1, f.Owz j)=].

where v, w, z, and j are variables.
Solution:- Equation (34) can be written as,

6 (33f - ; 3,2
— - |=c0s j—e' +6w’z
OV \ OWOZ0)

3
Substituting 0 -=U in equation (35),
OWOZ0)

a—U:cosj—ev+6\/\/322
ov

F.Mubarak etal.,
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Proceeding the Laplace transform of equation (36) w. r. t, ‘v’ and applying the differential property of

Laplace,
cosj 1 +6W3z2
s-1 S

sU(s,w,z, ))-UO,w,z,))=

after simplification,

(37)

- - 2
U(s,w,z,j):é+cosj—( 1 1 J+6W32

—Z+
s? s (s-1) s?

Proceeding the inverse Laplace transform of equation (37) w. r. t, ‘V/,
U(v,w,z, j)=j+vcos j—(-1+e")+6vw’z’

3

owozdj

again substitute the value of ,
o*f(v,w,z,j)

=j+vcos j—(-1+e")+6vw'z?, 38
owezg) i~(-1+e) 8

2
now putting - =N in equation (38),
0z0)

ON . .
——=j+vcos j—(-1+e’)+6vw’z’ (39)
ow

Proceeding the Laplace transform of equation (39) w .r. t, ‘wW’,

veosj (-1+€') 6v.622
s s s

sN(v,s,2, j) - N(v,0,z, j) =3 +
S
applying the initial condition,

i i (—1+e" 2
SN(v,s,z,j)_0=l+VC051_( )+6v.?z |
S S S

veosj (-1+€') 36vz?
T T s°

N(v,s, z, j):si2 (40)

Proceeding the inverse of transformation of (40) w. r. t, ‘w’,
i i i v 3 4
N(V,w,z, j) = jw+vwcos j—w(-1+e )+§vw 22,

62
Again substituting the value of =N,

0z0)

o f(v,w,z, j)

: = jw+vwcosj—w(—1+e”)+§vw4zz, (41)
0z0) 2
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now putting g—f =M inequation (41),
J

aéﬂ= jw+vwcosj—w(—1+ev)+ng“zz. (42)
z

Proceeding the Laplace transform of (42) w. r. t, 2’ and applying the differential property of Laplace,

i i w(-1+e"
sM(v,W,s,j)—M(v,W,O,j):M+VWCOSJ— ( )+§vw4%
S S S 2 S
W i w(-1+¢€"
M(v,w,s,j)ze—+¥+vwcgsj— ( : )+3vw4.i4. (43)
s s S S S

Proceeding the inverse Laplace transform of equation (43) w.r. t, ‘2,

M(v,w,z, j)=2ze"+ jWZ+VWZCOSj—WZ(—1+eV)+ 5
. . of _ :
Again substitute the value of 8_ = M in above equation,
)

- 4,3
OMED) gy wwzcos | -we(Lve)+ 207
)

(44)

Proceeding the Laplace transform of equation (44) w. r. t, §” and apply the differential property of
Laplace,

e wz s wz(-1+e") yw'z
sf (v,w,z,5)— f(v,w,z,0) = +—2+vwz( > ]— ( )+ ,
S s°-1 S 2s
f(v,w,z s)—1+ze_w+wz+vwz 1 —WZ(_lJrev)+VW423 (45)
R s?-1 s? 2s?
Proceeding the inverse of transform of (45) w.r. t, 7,
e wzj? . . n o wiz

f(v,w,z,))=j+zje "+ 5 +vwzsin j —wzj (—1+e )+ >

Example 4: Consider a non-homogenous partial differential equation
831: of V+2z

OVOWOZ oV
with initial conditions,

f(v,0,2) =0, f,(v,w,0)=1, f,(0,w,z)=¢e", f,(Ow,z) =z
Solution: Equation (47) can be written in the form,

o[ o°f of

— +—=we""’, (48)

oV | owoz ov

F.Mubarak etal., 113



Vol.9.Issue.3.2021 (July-Sept) Bull.Math.&Stat.Res (ISSN:2348-0580)

2

putting 5 = F in equation (48),
Z

oF of vez
—+—=We (49)
ov oV

Proceeding the Laplace transform of equation (49) w.r. t, ‘V/,

z

we
s-1

sF(s,w,z)-F(O,w,z)+sf(s,w,z)- f(O,w,z) =

Applying the initial condition,

z

sF(s,w,z)—e" +sf(s,w,z)—z= wel
S_

w

F(s,w,z):—f(s,w,z)+e—+5+ we
s s s(s-1)

(50)

Proceeding the inverse Laplace transform of equation (50) w. r. t, v/,
F(v,w,z)=—f(v,w,2)+e" +z +we’ (—1+ev).

Again substitution the value of F,

o’ f(v,w,z)

—f(v,w,2)+e" +z+we’(-1+¢€"), 51
e (v,w,2) (-1+e) (51)

. of . .
now putting 6_ =M in equation (51),
A

%:—f(v,w, z)+e" +z+we’(-1+e") (52)

Proceeding the Laplace transform of equation (52) w. r. t, ‘W’ and apply the differential property of
Laplace,

sM (v, s,2)— M (v,0,2) = —L [ f (v, W, z)]+i1+5+i2e2(ev 1)
S— S S
Applying the initial condition,

1 z 1
sM(v,s,z)-0=—-L[f(v,w,2)]+ —+—+=¢e’(e' -1
( ) L, [f( )]5—1532( )

M (v,s, 2) =—%Lw[f (v, w, 2)] + +Siz+si3e2(ev ~1) (53)

s(s-1)

Proceeding the inverse Laplace transform of equation (53) w. r. t, ‘wW’,

2

M(v,w,z) =-L," E L,[f(v,w, z)]}+(—1+ e") + 2W+W7ez(eV -1
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2

of (v,w.2) _ H‘l{ Lw[f(v,w,z)]}+(—l+ew)+zw+w?ez(ev—1)- (54)

0z
Proceeding the Laplace transform of equation (54) w.r. t, ‘2’

Sf (v, W, ) — f (v, ,0) = L |:Lwl |:% L[ (v, W, Z)]ﬂ"' (-1+e") +Sﬂ2+ W;((:V_;)l)

Applying the initial condition and simplification,

f(v,w,s)=§—§L{lw [ Lw[f(vwz)]ﬂ (1:3 ) W WE D

(55)
s®  2s(s-1)

Proceeding the inverse Laplace transform of (55) w.r. t, ‘7’

f(v,wz)=1-L," E L, |:Lwl E L,[f(v,w, z)]}ﬂ +z(-1+e") + 222w + W (e’ _;)(ev -1

To find the solution of nonlinear term use the variational iteration method,

’fvwz)  *f@Q) o°f 4|1 L[l
vowez  ovower avawaz{Lz LL{LW [sLW[f(V’W’Z)]ﬂﬂ

o f ((_ )) o*f ZZW+ ot (wi(e’-D(e' -1
8V8W8 ovowoz \ 2 OVOWOZ 2

’fvwz)  &f 4|1 L[l .
W_O —Wawaz{l_z LL{LW LLW[f(v,W,z)]ﬂH+O+O+O+e we*.

Now using the recursive relation and then taking n=0,

(v,w,z) =u,(v,w,2)

:[li (un)vwz (V, W, Z) + avs\jvaz |:Lzl |:§ |_Z |:Lw-1 |:§ Lw[un (V, W, Z)]}j|:|j| _ WeV+ZdVdeZ

n+1

o'—.<

u, (v, w, z) =u, (v, w, z).

- I I j; (Ug) e (Vo W, Z) + 8v§\jvﬁz { L, E L, { L™ E L, [uy (v, w, Z)]ﬂﬂ —we"*dvdwdz

7*w . w2 (e* =1)(e' —1)

> by using the Adomain polynomial

Choosing U, = 1+z(-1+e") +

comparison,

7°w . w2 (e* —1)(e' -1)

u,(v,w,z) =1+z(-1+e") + 5

{1 °+&\,§V&{H{%L{H { L, [1+2(-1+e") +22W wE ;)(evl)]ﬂnwev”dvdwdz
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2 2 _ VWw?Zz
zw W (e’ 1)(8 D I J' jwe”v WA (e? —1) — we"dvdwdz
00

u (v,w,z) =1+z(-1+e") +

7°w N Wi (e’ —D(e" -1
2

u,(v,w,z) =1+ z(-1+e") +

o'—.<

ﬁe w? (e’ —1)dvdwdz
00

7°w . Wi (e’ —D(e" -1 we"™ N e'w’z
2 3 3

u, (v,w,z) =1+ z(-1+e") +

4. Conclusion

In this research work, we conclude that method of substitution for Laplace is appropriate and suitable
for solving the non-homogenous linear partial differential equation of more than two independent
variables with less computational as compared to the separation method of variable. This suggested
method give the accurate solution if the non-linear term Ru(v,w, z) =0. The equations that involve

the non-linear term cannot solve by using the substitution method of Laplace. If non-linear term is not
equal to zero than we solve the equation by using the substitution method of Laplace as well as
variational iteration method. As a result the method of substitution for Laplace can be functional for
other equations which are used in different aspect of science.
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