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ABSTRACT 

Here, the authors have studied and formulated the solutions of a special 

standard cubic congruence of composite modulus modulo a special 

composite integer in different cases. It is found that the said congruence has 

three types of solutions as per the case. It has exactly 3𝑝2 incongruent 

solutions in the first case, only 3 incongruent solutions in the second case 

and has exactly 3𝑝 incongruent solutionsin the third case, p being an odd 

prime integer. Formulation of solutions has provided a simple procedure of 

finding the required solutions easily. This is the merit of the paper. 

Keywords: Cubic Congruence, Composite Modulus, Chinese Remainder 

Theorem. 

 

INTRODUCTION 

The congruence is part of Number Theory which is a branch of pure mathematics. The general 

and the standard quadratic congruence of prime modulus were studied in the college syllabus in 

mathematics. The standard cubic and standard bi-quadratic congruence suffer a negligence; nowhere 

is found any discussion of it. 

Here in this paper, the authors considered a standard cubic congruence of composite modulus 

of very special type. It is of the type: 

𝑥3 ≡ 𝑎 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛), p being an odd prime. 
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PROBLEM-STATEMENT 

“To formulate the solutions of  𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝𝑚. 3𝑛)𝑖𝑛 𝑡ℎ𝑟𝑒𝑒 𝑐𝑎𝑠𝑒𝑠 

 𝑎𝑠 𝑓𝑜𝑟  𝑚 ≥ 3; 𝑚 = 1, 𝑚 = 2". 

LITERATURE REVIEW 

The authors have gone through many Books of Number Theory [1], [2], [3] and found nothing 

about the said cubic congruence. Only a definition of standard cubic congruence in [1]; also a definition 

of cubic residues in [2]. But it is the author’s opinion that the readers can use Chinese Remainder 

Theorem to find all the solutions of the said congruence by splitting the original congruence into 

individual congruence and solving separately. 

  But the procedure has its own demerits. Due to the demerits of CRT, the readers feel a need 

of formulation of solutions. Therefore, the author wants formulating the solutions of the said 

congruence. The first author already has formulated some standard cubic congruence of composite 

and prime modulus [4], [5], [6], [7], [8], [9]. 

ANALYSIS & RESULTS 

Consider the congruence under consideration: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝𝑚. 3𝑛). 

Case-I: Let 𝑚 ≥ 3. 

Then the congruence reduces to the form: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝𝑚. 3𝑛). 

For the solutions, let 𝑥 ≡ 𝑝𝑚−2. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛). 

Then, 𝑥3 ≡ (𝑝𝑚−2. 3𝑛−1𝑘 + 𝑝 )3 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛) 

≡ (𝑝𝑚−2. 3𝑛−1𝑘)3 + 3. (𝑝𝑚−2. 3𝑛−1𝑘)2. 𝑝 + 3. 𝑝𝑚−2. 3𝑛−1𝑘. 𝑝2 +   𝑝3 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛) 

≡ 𝑝𝑚. 3𝑛𝑘{32𝑛−6𝑘2 + 𝑝𝑚−43𝑛−1𝑘 + 1} + 𝑝3 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛) 

≡ 𝑝3(𝑚𝑜𝑑 𝑝𝑚. 3𝑛). 

So, 𝑥 ≡ 𝑝𝑚−2. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛) satisfies the congruence and hence is a solution. But for 𝑘 =

3𝑝2, one has 

𝑥 ≡ 𝑝𝑚−2. 3𝑛−1. 3𝑝2 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛). 

≡ 𝑝𝑚. 3𝑛 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛) 

≡ 0 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛). This is the same solution as for 𝑘 = 0. 

Also, for 𝑘 = 3𝑝2 + 1, it is seen that  

𝑥 ≡ 𝑝𝑚. 3𝑛 + 𝑝𝑚−2. 3𝑛−1 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛). 

≡ 𝑝𝑚−2. 3𝑛−1 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛).    This is the same solution as for 𝑘 = 1. 

   Therefore, it is seen that the solution- formula gives exactly 3𝑝 incongruent solutions of the 

congruence. So, all the solutions are given by 

𝑥 ≡ 𝑝𝑚−2. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝𝑚. 3𝑛); 𝑘 = 0, 1, 2, … … … … … , (3𝑝2 − 1). 

Case-II: Let 𝑚 = 1. 

Then the congruence reduces to the form: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝. 3𝑛). 
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For the solutions, let us consider that 𝑥 ≡ 𝑝. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛). 

Then, 𝑥3 ≡ (𝑝. 3𝑛−1𝑘 + 𝑝 )3 (𝑚𝑜𝑑 𝑝. 3𝑛) 

≡ ( 𝑝. 3𝑛−1𝑘)3 + 3. ( 𝑝. 3𝑛−1𝑘)2. 𝑝 + 3. 𝑝. 3𝑛−1𝑘. 𝑝2 + 𝑝3 (𝑚𝑜𝑑 𝑝. 3𝑛) 

≡ 𝑝3. 3𝑛𝑘{32𝑛−3𝑘2 + 3𝑛−1𝑘 + 1} + 𝑝3 (𝑚𝑜𝑑 𝑝. 3𝑛) 

≡ 𝑝3(𝑚𝑜𝑑 𝑝. 3𝑛). 

So, 𝑥 ≡ 𝑝. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛) satisfies the congruence and hence is a solution. But for 𝑘 = 3, the 

solutions formula reduces to: 

𝑥 ≡ 𝑝. 3𝑛−1. 3 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛). 

≡ 𝑝. 3𝑛 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛) 

≡ 0 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛). This is the same solution as for 𝑘 = 0. 

Also, for 𝑘 = 4 = 3 + 1, it is seen that  

𝑥 ≡ 𝑝. 3𝑛 + 𝑝. 3𝑛−1 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛). 

≡ 𝑝. 3𝑛−1 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛).    This is the same solution as for 𝑘 = 1. 

   Therefore, it is seen that the solution- formula gives exactly three incongruent solutions of the 

congruence. So, all the solutions are given by 

𝑥 ≡ 𝑝. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛); 𝑘 = 0, 1, 2. 

Case-II: Let 𝑚 = 2. 

Then the congruence reduces to the form: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝2. 3𝑛). 

For the solutions, let 𝑥 ≡ 𝑝2−1. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛) 

≡ 𝑝. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛). 

Then, 𝑥3 ≡ (𝑝. 3𝑛−1𝑘 + 𝑝 )3 (𝑚𝑜𝑑 𝑝2. 3𝑛) 

≡ ( 𝑝. 3𝑛−1𝑘)3 + 3. ( 𝑝. 3𝑛−1𝑘)2. 𝑝 + 3. 𝑝. 3𝑛−1𝑘. 𝑝2 + 𝑝3 (𝑚𝑜𝑑 𝑝2. 3𝑛) 

≡ 𝑝3. 3𝑛𝑘{32𝑛−3𝑘2 + 3𝑛−1𝑘 + 1} + 𝑝3 (𝑚𝑜𝑑 𝑝2. 3𝑛) 

≡ 𝑝3 (𝑚𝑜𝑑 𝑝2. 3𝑛). 

So, 𝑥 ≡ 𝑝. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛) satisfies the congruence and hence is a solution. But for 𝑘 = 3𝑝, 

the solutions formula reduces to: 

𝑥 ≡ 𝑝. 3𝑛−1. 3𝑝 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛). 

≡ 𝑝2. 3𝑛 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛) 

≡ 0 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛). This is the same solution as for 𝑘 = 0. 

Also, for 𝑘 = 3𝑝 + 1, it is seen that  

𝑥 ≡ 𝑝2. 3𝑛 + 𝑝. 3𝑛−1 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛). 

≡ 𝑝. 3𝑛−1 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛).    This is the same solution as for 𝑘 = 1. 

   Therefore, it is seen that the solution- formula gives exactly 3𝑝 incongruent solutions of the 

congruence. So, all the solutions are given by 
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𝑥 ≡ 𝑝. 3𝑛−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛); 𝑘 = 0, 1, 2, … … … … … , (3𝑝 − 1). 

ILLUSTRATIONS 

Example-1: Consider the congruence:  𝑥3 ≡ 125 (𝑚𝑜𝑑 405). 

It can be written as: 𝑥3 ≡ 53(𝑚𝑜𝑑 34. 5). 

It is of the type: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 3𝑛. 𝑝) with 𝑝 = 5, 𝑛 = 4, 𝑚 = 1. 

It has exactly 3 incongruent solutions given by 

𝑥 ≡ 3𝑛−1. 𝑝 𝑘 + 𝑝 (𝑚𝑜𝑑 3𝑛. 𝑝); 𝑘 = 0, 1, 2. 

≡ 33. 5𝑘 + 5 (𝑚𝑜𝑑 32. 52); 𝑘 = 0, 1, 2. 

≡ 135𝑘 + 5 (𝑚𝑜𝑑 405) 

≡ 5, 140, 275 (𝑚𝑜𝑑 405). 

Example-2: Consider the congruence:  𝑥3 ≡ 125 (𝑚𝑜𝑑 225). 

It can be written as: 𝑥3 ≡ 53(𝑚𝑜𝑑 32. 52). 

It is of the type: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 3𝑛. 𝑝𝑚) with 𝑝 = 5, 𝑛 = 2, 𝑚 = 2. 

It has 3𝑝 incongruent solutions given by 

𝑥 ≡ 3𝑛−1. 𝑝𝑚−1𝑘 + 𝑝 (𝑚𝑜𝑑 3𝑛. 𝑝𝑚); 𝑘 = 0, 1, 2, … … … . , (3𝑝 − 1). 

≡ 3.5𝑘 + 5 (𝑚𝑜𝑑 32. 52); 𝑘 = 0, 1, 2, … … … .14. 

≡ 15𝑘 + 5 (𝑚𝑜𝑑 225) 

≡ 5, 20, 35, 50, 65, 80, 95, 110, 125, 140, 155,170, 185, 200, 215 (𝑚𝑜𝑑 225). 

Example-3: Consider the congruence:  𝑥3 ≡ 125 (𝑚𝑜𝑑 1125). 

It can be written as: 𝑥3 ≡ 53(𝑚𝑜𝑑 32. 53). 

It is of the type: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 3𝑛. 𝑝𝑚) with 𝑝 = 5, 𝑛 = 2, 𝑚 = 3. 

It has 3𝑝2 incongruent solutions given by 

𝑥 ≡ 32−1. 5𝑚−2𝑘 + 𝑝 (𝑚𝑜𝑑 3𝑛. 𝑝𝑚); 𝑘 = 0, 1, 2, … … … . , (3𝑝2 − 1). 

≡ 3.5𝑘 + 5 (𝑚𝑜𝑑 32. 53); 𝑘 = 0, 1, 2, 3,4,5,6, … … … .74. 

≡ 15𝑘 + 5 (𝑚𝑜𝑑 1125) 

≡ 5, 20, 35, 50, 65, 80, 95, … … … … … … . . ,1115 (𝑚𝑜𝑑 1125). 

Example-4: Consider the congruence:  𝑥3 ≡ 125 (𝑚𝑜𝑑 16875). 

It can be written as: 𝑥3 ≡ 53(𝑚𝑜𝑑 33. 54). 

It is of the type: 𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 3𝑛. 𝑝𝑚) with 𝑝 = 5, 𝑛 = 3, 𝑚 = 4. 

It has 3𝑝2 = 3.25 = 75 incongruent solutions given by 

𝑥 ≡ 3𝑛−1. 𝑝𝑚−2𝑘 + 𝑝 (𝑚𝑜𝑑 3𝑛. 𝑝𝑚); 𝑘 = 0, 1, 2, … … … . , (3𝑝2 − 1). 

≡ 32. 52𝑘 + 5 (𝑚𝑜𝑑 33. 54); 𝑘 = 0, 1, 2, … … … .74. 

≡ 225𝑘 + 5 (𝑚𝑜𝑑 16875) 
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≡ 5, 230, 455, … … … … … … . ,16655 (𝑚𝑜𝑑 16875). 

CONCLUSIONS 

Therefore it is concluded that the standard cubic congruence:  𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝𝑚. 3𝑛), 

 𝑚 ≥ 3, p an odd prime has exactly 3𝑝2 − incongruent solutions given by 

𝑥 ≡ 3𝑛−1. 𝑝𝑚−2𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛); 𝑘 = 0, 1, 2, 3, … … … , (3𝑝2 − 1). 

Also, the standard cubic congruence:  𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝. 3𝑛), 𝑚 = 1, p an odd prime has exactly 3 − 

incongruent solutions given by 

𝑥 ≡ 3𝑛−1. 𝑝𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝. 3𝑛); 𝑘 = 0, 1, 2. 

Also, the standard cubic congruence:𝑥3 ≡ 𝑝3(𝑚𝑜𝑑 𝑝𝑚. 3𝑛), 𝑚 = 2,  p an odd prime has exactly 3𝑝 − 

incongruent solutions given by 

𝑥 ≡ 3𝑛−1. 𝑝𝑚−1𝑘 + 𝑝 (𝑚𝑜𝑑 𝑝2. 3𝑛); 𝑘 = 0, 1, 2, 3, … … … , (3𝑝 − 1). 
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