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: ; In this paper, we use the combined dynamic linear model of unequally
BOMSR spaced intervals, to find the statistical distributions for the inspection policy
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by terms of time, in the case of unequally spaced intervals. The researcher's
work focus on the statement of theorem (1) and its proof. In addition to the
statement of theorem (2), its proof, with find the prediction distribution. The
results of this paper will be very useful in practical applications.
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1. Introduction

The application of statistical methods as a scientific basis on the study of the production
processes was first used in the first quarter of the twentieth century as a result of the development of
Statistical Theory. It was proposed by the statistician Shewhart who was working in the laboratories
of telephone bells in America. He tried to make use of his statistical information in finding a way to
detect defects and changes in the production process. Shewhart was mainly concerned with two
issues. The first was to detect any lack of control occurring in the production process as quickly as
possible. The second was to maintain the production process under control (i.e. producing a high
percentage of acceptable quality materials). To achieve this aim, he introduced an assisting visual
means called the quality control chart in three research articles. They were published in the Journal
of the American Statistical Society in 1926 and 1927. The main goal of using this chart was to discover
the actual abnormal changes in the parameters of the production process.
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2. Modeling of Production Process

Two types of changes often take place in the quality of the produced material in any production
process. The first type is known as sudden changes that cause a change in the level of quality to
another worse level suddenly. In quality control, it is called jump, and these changes are usually
significant, resulting from assignable causes in the production process such as a break-in machine part,
unskilled workers, poor raw material quality, etc. The second type is gradual changes, i.e. slope
change. These changes are usually minor at the beginning, but over time they turn into significant
changes such as corrosion of machine parts, useful life factor, gradual change in temperature and
humidity, etc. In economics, these changes are called trends, and in quality control, they are called
drift. This methodology can be used in conjunction with the dynamic linear model proposed by
Harrison and Stevens (1976) and in particular the combined dynamic linear model of unequal time
intervals where the observation is in unequally spaced intervals with the dynamic linear model
proposed by Smith (1982). Dropping the restriction of equal periods in the model increases the
flexibility of its use in the areas of practical life. Assuming that the slope in the level is consistent, the
growth in the level is proportional with the size of the time intervals between observations, see the
figure below.
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And that the level slope at time t is expressed as follows:
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For keeping the linear formula and getting acceptable and accurate results, it is preferable that the
differences between (N;_; and N;) are not large. Because the slope change is possible at any
moment, the random error §; should be added to the above slope equation, so we get:

Nt
Nt—l

Bt Pr-1+ 6, 5t~N(O, O'ZT‘IB)

Consequently, the combined dynamic linear model of unequally time intervals can be written
mathematically as follows:

X = U + V¢ v~ N(0,0%) (1
Me = Me-1+ B + 6, » O "’N(O' Uzru)

N,
ﬁf = Fflﬁt_l + At ) At ~N(0, O-Zrﬁ)

(2)
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Where
t: Timeindex (t = 1,2,3, ...).

U Represents the level or the real rate for the quality of produced material and inspected at time t,
and is usually unknown exactly.

B:: Represents the real slope for the quality of produced material and inspected at time t.
All random errors are v;, §; , A assumed to be independent events, where:

U, : Itis the result of random error in the observations or metrics used or in both.

6; , A¢: They are the result of random errors (disturbances) in the same production process.

In equation (1), we note that the value of the quality observation of the material produced is equal to
the quality rate of the material produced, as well as the random error in the observation itself. It is
not possible to be equal to the real quality observation and quality rate if there is no error in
observation (free—error—observation). Equation(2) expresses the correlation or linear relationships of
the process parameters 1, , B; and their evolution over time.

Now, equations (1) and (2) can be written on the formula of the combined dynamic linear model of
unequal time intervals as follows:

xt = F9t + vt ) Ut ~N(O, 0-2) (3)
Ht = Gtet_l + W , We ~N(0,O'2T) (4)

Where v, , w; are two independent random natural vectors. And

r=E(wt.w{) = [rﬂ-l_r” i

Y s
Note that:
L e Ao+ 6
F=(1 0),Gt:0 i, Ht:(.Bt) and wt:(tAt t)
Ne—q
3. Inspection Policies

Usually, several inspection policies take place on the quality of the material produced in the
practical life, including:

a. Inspection in terms of the produced units: In this case, there are several inspection policies, for
example:

1. Inspecting the first or the last unit of the produced units n
2. Inspecting n units for every N of the produced units
3. Inspecting all produced units (comprehensive inspection)

b. Inspectioninterms of time: In this case, the units produced are examined during equal or unequal
periods, for example:

1) Inspecting one unit or a sample of n units in fixed and equal periods (fixed interval inspection).

2) Inspecting one unit or n units in unequal, short-term periods (unequally spaced inspection).
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We will use the sequential inspection method when finding the posterior distribution.

In this paper, we will review a comprehensive mathematical study of the state of inspection by time
in unequal time intervals. In this case, the quality is inspected during intervals of time. For example, a
single unit is inspected in short and unequal time intervals. This policy is represented by equations (1),
(2). When modeling the production processes (according to the quality of the material produced) for
the unitj (where j = 1,2, ..., n, at inspection time t), these two equations become as follows:

Xje = Hjt + Vje , vj~N(0,0%) (5)

Hjt = Hj—1¢ T ﬁj,t + 5j,t ) 5j,t NN(O,GZTH) (6)
N,

ﬁj,t = F;'Bj_l’t + Aj_t , A]',t ~N(0, O'ZT'B) (7)

Where v;,6;; and A; are independent random errors.

Note that :

t: Represents the time of the inspected unit.

n: Represents the number of produced units.

J: Represents the directory of the produced unit.

xj¢: Represents the value of the produced material quality j after the time t.

Uj¢: Represents the real slope of the produced material quality j after the time t.

B :: Represents the slope factor of the produced material quality j after the time t.

o?: Represents the observed variance.

Suppose that y be a comprehensive code, we will use the following convention:
Ynt-1= Yot =Vt (8)

For more information on dynamic models and Bayesian inference and their field of application, see
the recent literature (Migon et al, 2005), (Mubwandarikwa et al, 2005), (Aguilar and West, 2000),
(Gerlach and Kohn, 2000), (Awe et al, 2015), (Aktekin et al, 2018), (Debeko and Goshu, 2018), (Petris
et al, 2009), (Roberto, 2016), (Laine, 2019), (Berry and West, 2019), (Chen et al, 2019), (Nobuhiko et
al, 2014), (Gongalves et al, 2020) and (Petridis et al, 2001).

From the above discussion, we can use the combined dynamic linear model of unequal time intervals
at the real inspection time in practical applications through the use of the theorems below. The
formulation of theorems and the confirmation of their validity is the researcher's contribution to Jalil
(1988).

Theorem (1): If 8, = (gi) and if the two equations are
,Llj,t = .uj—l,t + .Bj,t + 6j,t , 6j,t ~N(0,O’27"’u) (9)
N
Bjt = ﬁﬁj—u +4i LA ~N(0,0%75) (10)

Then, we get:

0 = Hi0r_1 + vt
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Where
n e
3 (;)
Ht = th = d=hl n
0 (_
z

By putting h=N;, z=N;,_;, and
Ve = th_lw1,t—1 + Ggl_zwz,t—1 + o+ Grwp_1e-1 + Wppo1
Where

o = (Aj,t—l + 5j,t—1)
J,t—1 Aj,t—l

Proof: For the produced units n during unequal and short-term time intervals, by using the
relationship (7), we get:

h
Bii-1 = Eﬁo,t—1 +A1i 4
h
Bai-1= Eﬁl't_l + A4
r\2 h
= (;) Bo,t-1 + ;A1,t—1 + A 4
h
B3 i-1= Eﬁz,t—l + A3 4

) o B e+ 10

j—1 j—2 h
Ajpq+ (E) Dy g+ + EAj—l,t—l + 41

Bji-1= (g)] Bo,t—1 + (g)

h n h n-1 n—-2 h
Bri-1= (E) Bo,t-1 + (E) Ajpq + (E) Dpp g+ + ;An—l,t—l +Ant 1
R\ r\"J
= (;) Bot-1 + Xi=1 (;) Bje-1
By using the convention y, ;1 = Yo = ¥t , We get:

n-j

B. = (S)n Be-1 +Xi=1 (g) Bje1 (11)
Now by using equation (9) and equation (11) that we obtained from the above results, we get:
M1t-1 = Hot—1 1 Pre-1+ 611
= Hot-1 7t g,Bo,t—l + A1+ 8101

Uz i—1 = H1t-1 + Bot-1+ O2t-1

h (h)? h
= Hot-1t [; + (;) ]ﬁo,t—l + [1 + ;] A1+ Bpp1+ 8101+ 6201
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Uzi—1 = Hot—1+ B3t-1+03:1

= toea+ 24 () + () | oo+ [1 42+ () |Brecn +

V4

h
+ (1 + E) Az,t—l + A3,t—1 + 51,t—1 + 62,[3—1 + 63,t_1

n h d
Hjt-1 = Hot-1 T Z (E) ].Bo,t—1 +

d=1

n hd—1
Z(;) Aip1t
d=1

n
NE
+ Z (E) ]AZ,t—l toot Ajp g 461 + 8o o+ G
a=2

By using the geometric sequence laws, we get:

n h d pn+l _ 4
2 (E) = hzt — gt

z hzn—1 — zn
d=1
n h a-2 pn-1 _ yn-1
Z (E) = hzn% — zn-1
d=2
Therefore,
hn+1 hZ hn
Hjt-1 = Hoe-1 T [W]ﬂm 1t W]Au 1t

hn 1 n-1
+ [W] Dppq B+ 610-1 81+ + 81

hn—j+1 _ Zn—j+1

hn+1 n
Hnt-1 = Hot-1t+ [hzn zn‘”] Bot-1+ Z =] — gn=Jj+1 Bjeq + Z 8jt—1

By using the convention y, 1 = Yot = ¥t , We get:

Rt1_pn - j+1_Zn j+1

He = He-1 [hzn Zn+1]ﬁt 1+ Xier gt D1 F X1 G (12)

Thus, from equations (11) and (12), the required final formula can be reached as follows:
(Mt
6= (5.)
[ pnt1 P+l _ gn—j+1 n 1
[ -1 + [h n_ Zn+1] Be-1 + Z hzh—J — zn—j+1 Ajeq t+ z 6j»t_1|
- =
| B e 2 |
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pn-JH1_pn—j+1

hn+1_hz A n 8
He—1 + Z" hzt—zn+1 ﬁt 1 j 1 n—j_gn—j+1 “Jt— 1+Zj=1 j,t—1

n-j
( Bt 1 Z] 1( ) Aj,t—l
R —pz"] h"—hz""! R 1_pzn—2
_ hzn—zn+1 #t—1] " 1 hzn—1—zn [Al,t—l + 51,1:—1] 1 hzn-2—zn-1
0 (E)n Bt-1 0 (ﬁ)n_l D11 0 (E)n_z
z 4 L zZ z
. P
' [AZ,t—l + 82,t-1 4t z [An—l,t—l + 5n—1,t—1] + [An,t—l + 5n,t—1]
A2¢—1 . 0 - An—1,t—1 An,t—l
| z

_ A n—1 n—2
=Gy 01+ G w11+ G W o+ G 1+ O

By putting both H, = G}, and
Ve = th_lw1,t—1 + Ggl_zwz,t—1 + o+ Grwp_1e-1 + W1

We get:
Oy = Hib0r 1 + 1
Thus, the proof was achieved.

From Theorem (1) above, we can get the variance-covariance matrix of w; ;_; as follows:

+ 5
Since Wi =< Jit-1 ) Then
J,t—1 A],t—l
t-1+ 61
Cov(wje—1) = E( 4 Apes )( e—1+ 81 Dje1)
2
(Aj,t—l + 5j,t—1) (Aj,t—l + 5j,t—1)Aj,t—1
2
Aj,t—l(Aj,t—l + 5j,t—1) (Aj,t—l)
_ 52 [rB T 773]
Ui Ui
=o?r
g t+71, T
Therefore, put r = [ﬂrﬁ K TZ

And also, from Theorem (1) above, we can get the variance-covariance matrix of y; as follows:
Cov(yy) = [P (GRYY + GF2r(GF %) + - + GrG,/ +7]o?
By using the properties of multiplying and adding matrices, we can come up with the following:

Cov(y,) = a*W

Where
[ n 12 n 1 n
h\’ h\’ h"
o S5 C1 R IO IE
_ =1 = A
W= n ] n _ n i
h 12N h 2(n—j)
w1+ 2.6) [ 26) 5. ()
Jj=1 Jj=1 Jj=1
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For simplification, we put

h n-—j B — g1
W2 = Z (E) " hzn1_zn

)Z(n—j) h2N_ 521

Il

Ju
/N
NS

—_\n _
W3 = Zj T p2g2n-2_z2n

Thus, the matrix W becomes as follows:

nrgwi +nr,  Tpwiw,

W= [
Tﬁ wiw, Tﬁ w3

(13)

According to this, we can reformulate the combined dynamic linear model of unequal time intervals,
at the inspection time t as follows:

Observation equation x; = F8, + v, , v, ~N(0,0?%) (14)

System equation 0, =HO_1+7Vv: , y: ~N(0,0°W) (15)

Thus, after obtaining equations (14) and (15), using the Bayesian theorem, taking advantage of the
Markov process, using sequential analysis, and referring to West and Harrison (1997), we can get the
posterior probability distributions of process parameters from the repeated procedures. Considering
that both az,ru and g are known, we can formulate the following theorem:

Theorem (2): According to the combined dynamic linear model of unequal time intervals, at the
inspection time t, in equations(14) and (15) If the prior distribution of 8,before any observation is
normal distribution,

i.e (60\Dy) ~N(m, 'UZCO)
Then the posterior distribution of 8; at time t, is also normal distribution
i.e (8:\Dy) ~N(my,02C,)

Where the available information D; is D, = (xt,xt_l,...,xl,rwrﬂ,az). It is about previous
information and other known constants.

Proof:
By using mathematical induction, we conclude that at time t — 1 is
(6¢—1\D¢—1) ~N(m¢_q,0%Ce_1)
Where the available information is
Di—q = (o1, X—) ey X1, 1, 75, 02).

From this we can get the following distributions:

1) The prior distribution of parameter 6, at time t: From equation (15), we get
E(0¢\D¢—1) = E[(H¢6_1 +V:)\D¢_1]
=Hm; 4
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var(0:\D;—1) = var[(H8:_1 + ¥¢)\D¢_1]
= Htvar(et—1\Dt—1)Ht/ + var(y:\D¢-1)
= H,02C,_,H! + o?W
= 02 (H,CoyH] + W)
= o?R,
Thus, we put, R, = HtCt—1Ht/ + W

Where R, is a positive, definite, and symmetric matrix. We can formulate this probability distribution
mathematically as follows:

(6.\D¢_1) ~N(Hem;_q ;Uth)

2) Posterior distribution: We can obtain the posterior distribution by using the Bayes' theorem
which has the following formula:

P(6:\D;) < P(8:\D¢_1) - P(x:\D;)
Where P(x;\D;)is the likelihood function. We get the expectation and variance of this function from
equation (14) as follows:

E(x\8;) = E[(FO; + v:)\D,] = F0,
var(x,\0;) = var[(F8,; + v,)\D;] = o
We can formulate this probability distribution, mathematically as follows
(xc\8;) ~N(F6,,0?)

Thus, the posterior probability distribution is given as follows:
-1 _
P(6:\D;) x Exp [ﬁ 0, — Htmt—l)/Rt NGRS Htmt—l)]-

-1
-Exp 202 (xp — th)/(xt - Fet)]

By using multiplying, merging the similar quantities together, and merging the constant quantities
with a constant of proportionality, we can conclude that:

-1
P(0:\D;) < Exp 202 (e mt)/Ct_l(Bt - mt)]
By putting:

me =Hme_q + A (X — f7) (16)

Where m,; represents the expectation of the posterior probability distribution at time t , and it is
called Kalman Filter, and (x; — f;) is called prediction error, where f, = FH,m;_, and

Ct/ = Rt - AtFRL- (17)

Where Ct/ represents the variance-covariance matrix of the posterior probability distribution at time
t, and that
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A, =R.F/(1+FRF/) ™ (18)

Where A; is called Kalman Factor. Thus, we can formulate the posterior probability distribution
mathematically as follows:

(6:,\D;) ~N(m, UZCt)
4, Prediction Distribution

Finding prediction distribution is very important because it provides us with future information. We
can at least know what will be the rate of the quality of the material produced. If the variance of this
distribution is large, this increases the uncertainty about the production process. Hence, we prepare
to make the right decision. To get the prediction distribution one step ahead, we should formulate the
combined dynamic linear model for unequal time intervals, defined by equations (14) and (15) in the
future format as follows:

Xtp1 = FOpp1 +Ver1 Vs ~N(0,0%)( (19)
Ory1 = HeOr + Vi1 Vewr ~N(O, UZW) (20)

Where v, 1 and y;,4 are disjoint and independent events. Accordingly, we can reach the following
results:

From the equation (20), we get:
(Be41\Dy) ~N(Hym;, 0*Rpy1) (21)
Where
Reyy = H CH + W ( (22)
and from the equations (19), (20), and (21), we can get:
(Xe41\De) ~N(Re41 , 07 Rpy1)
Where
Xev1 = FHemy
Xeo1 = FRe F/ 41

In the case of practical applications using this model, we can put:

Co=less cad 23
= [oy] &

me = E@\D) =E (5 \ D)= (,)

e T2
Re = [rz,t r3,t] (25)

Under the laws of the geometric series:

hn+1 _ th-l
1 -

o @) |
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Now from the equations (16), (17), (18), and (25), we can access the recursive equations as follows:

T T
a; ; = —= and a,, = —=£
, 147y ’ 1+71t
hn+1_hzn
For ease, we put Z = PR Therefore,
ft = ut—1Zbr_4
U = Up—g + Zbeq + aq, (X — 1)
h n
by = (;) by + aze(x — ft)
Tie = Crpm1 + 2ZCopq + Z%c3p_q + nrgwi + nyy,
n\" n\"
e =|- c_+(—)Zc_+rww
2t (z) 2,t—1 2 3,t—-1 T TgW1W;
h 2n
r3s == C3t_1 +13W
3.t (z) 3t-1 T TgW3
Cip=Ty4— (1.0’ Cop =Ty — ()(r2e) and Czp =19, — ()"
1t LT 1y, 0 G2t 2t 14rr, 3t 36T Tiry,

Also %44 =u;+Zby and Xppq =141+ 1
Where 11 411, We get it from equation (22) and will be in the following formula:
Tieer = Cue + 2 ZCyp + Z%c3, + nrgwi + nny,

We point out that we need all the above-mentioned recurring relationships to find the value of
U;. It is possible to program these relationships by using a software program in the case of practical
applications.

5. Conclusion

In this study, we have explained how to find the recurring relationships of the combined
dynamic linear model of unequal time intervals to study the inspection policies by time in the case
that 1, ,7g and o2 are known. From the above discussion, we can use the combined dynamic linear
model of unequal time intervals at the real inspection time in practical applications through the use
of the above theorems. the researcher's work focus on the statement of the theory of theorem (1)
and its prove. In addition to the statement of theorem (2) and its prove, with find the prediction
distribution, The results of this paper will be very useful in practical applications. In the end, we
recommend finding the above statistical distributions in case 1, ,rg and o2 are unknown.
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