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ABSTRACT 

The present paper is based on the transformation theory of the basic Hyper 

geometric series and its generalizations. We derive some identities of 

Rogers-Ramanujan type related to modulo 17 and 19 analytically as an 

application of some known transformations of basic Hyper geometric series. 
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INTRODUCTION 

The most famous of the “Series = product” Identities are: 

      For |q|<1, 
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where        n2
n q1...q1q1q;q  , 

which are known as the celebrated original Rogers-Ramanujan Identity. These two identities have 

motivated extensive research over the past hundred years. There are two aspects of these identities:  
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One analytical aspect and the other is combinatorial aspect. In this paper we study only the analytical 

aspect. 

Definitions: For |q|<1, the q-shifted factorial is defined by  

                                   (𝑎; 𝑞)0 = 1 

                                   (𝑎; 𝑞)𝑛 = ∏ (1 − 𝑎𝑞𝑘)𝑛−1
𝑘=0 , for n≥1 

                          and    (𝑎; 𝑞)∞ = ∏ (1 − 𝑎𝑞𝑘)∞
𝑘=1 .       

It follows that      (𝑎; 𝑞)𝑛 =
(𝑎;𝑞)∞

(𝑎𝑞𝑛;𝑞)∞
 

The multiple q-shifted factorial is defined by  

       
nmn2n1nm21 q;a....q;aq;aq;a,....,a,a   

      
       


 q;a....q;aq;aq;a,....,a,a m21m21 . 

The Basic Hyper geometric Series is 
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q;b.....q;bq:bq;q

q1xq;a....q;aq;a

 (1.1)

 

The series rp1p   converges for all positive integers r and for all x. For r=0 it converges only when 

|x|<1. 

We also define the infinite product as 

  ∏ (
𝑎1, 𝑎2, … 𝑎𝑟; 𝑞
𝑏1, 𝑏2, … 𝑏𝑟

) = ∏
(1−𝑎1𝑞𝑗)(1−𝑎2𝑞𝑗)(1−𝑎3𝑞𝑗)….(1−𝑎𝑟𝑞𝑗)

(1−𝑏1𝑞𝑗)(1−𝑏2𝑞𝑗)(1−𝑏3𝑞𝑗)….(1−𝑏𝑟𝑞𝑗)
∞
𝑗=0     

Further, the well-poised series 
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is generally abbreviated as 

23  pp W  

The 𝑞-analogue of Saalchütz Theorem is   
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We require the following Jacobi’s Triple Product Identity (see [5],2.2.10 , 2.2.11) 
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(𝑧𝑞
1

2⁄ , 𝑧−1𝑞
1

2⁄ , 𝑞; 𝑞)∞= ∑ (−1)𝑛 𝑧𝑛𝑞
𝑛2

2⁄ ,∞
𝑛=−∞  and its corollary 

 ∑ (−1)𝑛 𝑞
(2𝑘+1)𝑛(𝑛+1)

2
−𝑖𝑛∞

𝑛=−∞ = ∑ (−1)𝑛 𝑞
(2𝑘+1)𝑛(𝑛+1)

2
−𝑖𝑛. (1 − 𝑞(2𝑛+1)𝑖)∞

𝑛=0  

= ∏ (1 − 𝑞(2𝑘+1)(𝑛+1)) (1 − 𝑞(2𝑘+1)𝑛+𝑖)(1 − 𝑞(2𝑘+1)(𝑛+1)−𝑖)∞
𝑛=0                                          (1.3) 

Bailey Lemma: The following lemma is due to Bailey: 

If L is a non-negative integer, then 

(𝑎𝑞; 𝑞)∞ ∑ 𝑎𝑛𝑞𝑛2−𝐿𝑛. 𝛽𝑛
∞
𝑛=0 =∑

(𝑞−𝐿,𝑞)
𝑗(−𝑎)𝑗𝑞

𝑗(𝑗+1)
2

(𝑞;𝑞)𝑗

𝐿
𝐽=0  . ∑ 𝑎𝑛𝑞𝑛2−𝐿𝑛+2𝑛𝑗. 𝛼𝑛

∞
𝑛=0  

where 𝛽𝑛 = ∑
𝛼𝑘

(𝑞;𝑞)𝑛−𝑘(𝑎𝑞;𝑞)𝑛+𝑘

𝑛
𝑘=0    (For proof of this lemma, see [2], 2.15) 

 We begin by introducing the following transformations: 

(𝑎; 𝑏, 𝑥, −𝑥, 𝑦, −𝑦, 𝑧, −𝑧; 𝑞;
−𝑎3𝑞3

𝑏𝑥2𝑦2𝑧2)=∏ [
𝑎2𝑞2,

𝑎2𝑞2

𝑥2𝑦2 ,
𝑎2𝑞2

𝑥2𝑧2 ,
𝑎2𝑞2

𝑦2𝑧2 ; 𝑞2

𝑎2𝑞2

𝑥2 ,
𝑎2𝑞2

𝑦2 ,
𝑎2𝑞2

𝑧2 ,
𝑎2𝑞2

𝑥2𝑦2𝑧2

]. 

(
𝑥2, 𝑦2, 𝑧2,

−𝑎𝑞

𝑏
,

−𝑎𝑞2

𝑏
; 𝑞2; 𝑞2

𝑥2𝑦2𝑧2

𝑎2 ,
𝑎2𝑞2

𝑏2 , −𝑎𝑞, 𝑎𝑞2
) + ∏ [

𝑥2, 𝑦2, 𝑧2,
𝑎4𝑞4

𝑏2𝑥2𝑦2𝑧2 ; 𝑞2

𝑎2𝑞2

𝑥2 ,
𝑎2𝑞2

𝑦2 ,
𝑎2𝑞2

𝑧2 ,
𝑥2𝑦2𝑧2

𝑎2𝑞2

] 

                            . ∏ [
𝑎𝑞,

−𝑎3𝑞3

𝑥2𝑦2𝑧2 ,
𝑎2𝑞2

𝑥2𝑧2 ; 𝑞

𝑎𝑞

𝑏
,

−𝑎3𝑞3

𝑏𝑥2𝑦2𝑧2

].  

 

         (

𝑎2𝑞2

𝑥2𝑦2 ,
𝑎2𝑞2

𝑥2𝑧2 ,
𝑎2𝑞2

𝑦2𝑧2 ,
−𝑎3𝑞3

𝑏𝑥2𝑦2𝑧2 ,
−𝑎3𝑞4

𝑏𝑥2𝑦2𝑧2 ; 𝑞2; 𝑞2

𝑎2𝑞4

𝑥2𝑦2𝑧2 ,
𝑎4𝑞4

𝑏2𝑥2𝑦2𝑧2 ,
−𝑎3𝑞3

𝑥2𝑦2𝑧2 ,      
−𝑎3𝑞3

𝑥2𝑦2𝑧2

)                                (2.1) 

Proof of (2.1): (See [3], Transformation (3.1), page 12] 

             ∑ ∑
(𝑎2;𝑞6)𝑛+2𝑟 (𝑥;𝑞2)𝑛+3𝑟 (𝑦;𝑞2)𝑛+3𝑟(

−𝑎𝑞3

𝑏
;𝑞3)2𝑟

(𝑞6;𝑞6)𝑟(𝑞2;𝑞2)𝑛(−𝑎𝑞3;𝑞3)2𝑟 (𝑎2;𝑞2)2𝑛+6𝑟(
𝑎2𝑞6

𝑏2 ;𝑞6)𝑟

∞
𝑛=0

∞
𝑟=0 . 

𝑎2𝑛+8𝑟𝑞6𝑟(𝑟−𝑝+1)+2𝑛−2𝑝𝑛

(𝑥𝑦)𝑛+3𝑟  

=∏ [

𝑎2𝑞2

𝑥

𝑎2𝑞2

𝑦
; 𝑞2

𝑎2𝑞2 𝑎2𝑞2

𝑥𝑦

]. ∑
(𝑞−2𝑝;𝑞2)𝑗𝑞2𝑗

(𝑞2;𝑞2)𝑗(
𝑥𝑦

𝑎2;𝑞2)𝑗

𝑝
𝑗=0 . 

                                      . ∑
(𝑥;𝑞2)3𝑛+𝑗(𝑦;𝑞2)3𝑛+𝑗(𝑎;𝑞3)𝑛(1−𝑎𝑞6𝑛)(𝑏;𝑞3)𝑛𝑎9𝑛𝑞3𝑛(3𝑛−2𝑝+2)

(𝑞3;𝑞3)𝑛(1−𝑎)(
𝑎2𝑞2

𝑥
;𝑞2)3𝑛(

𝑎2𝑞2

𝑦
;𝑞2)3𝑛(

𝑎𝑞3

𝑏
;𝑞3)𝑛𝑏𝑛(𝑥𝑦)3𝑛

∞
𝑛=0                          (2.2) 

Proof of (2.2): Replacing 𝑞 by 𝑞3 and then setting 𝑥 = 𝑞−𝑛 , 𝑦 = 𝑞1−𝑛, 𝑧 = 𝑞2−𝑛 in (2.1), we get 

∑
(a; q3)r(1 − aq6r)(b; q3)ra3rq9r2

(q3; q3)r(1 − a)(
aq3

b
; q3)r(a2q2; q2)n+3r(q2; q2)n−3rbr

n/3

r=0

 

                   =
1

(𝑎2;𝑞2)2𝑛
 .     ∑

(𝑎2;𝑞6)𝑛−𝑟(−
aq3

b
;q3)2ra2rq6r2

(𝑞6;𝑞6)𝑟(−𝑎𝑞3;𝑞3)2𝑟(
𝑎2𝑞6

𝑏2 ;𝑞6)𝑟(q2;q2)n−3r

𝑛/3
𝑟=0                                                    (2.3) 

910W
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45
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Now, in Bailey Transformation [9], setting  

             𝑢𝑠 =
1

(𝑞2;𝑞2)𝑠
, 𝑣𝑠 =

1

(𝑎2𝑞2;𝑞2)𝑠
, 𝛼3𝑠+1 = 𝛼3𝑠+2 = 0, 𝛼3𝑠 =

(𝑎;𝑞3)𝑠(1−aq6s)(𝑏;𝑞3)𝑠a3sq9s2

(q3;q3)s(1−a)(
aq3

b
;q3)s

, 

𝛿𝑠 = (𝑥; 𝑞2)𝑠(𝑦; 𝑞2)𝑠(
𝑎2𝑞2−2𝑝

𝑥𝑦
)𝑠  and evaluating < 𝛽𝑛 >, < 𝛾𝑛 > 𝑏𝑦 (2.3) and the formula [4]      

(𝑎, 𝑏; 𝑞;
𝑒𝑐

𝑎𝑏
𝑒

)=∏ (

𝑒

𝑎
,

𝑒

𝑏
; 𝑞

𝑒,
𝑒

𝑎𝑏

) 3Φ2(
𝑎, 𝑏, 𝑐; 𝑞; 𝑞

𝑎𝑏𝑞

𝑒
, 0

)       (2.4) 

(where either 𝑎, 𝑏 𝑜𝑟 𝑐 is of the form 𝑞−𝑝. In case only c of the form 𝑞−𝑝then (2.4) is valid only if 

׀
𝑒𝑐

𝑎𝑏
>׀ 1), we get (2.2) 

3. Identities related to modulo 19:  

Taking 𝑏, 𝑥, 𝑦 → ∞ in the transformation (2.1) and then replacing 𝑞 by 𝑞
1

3⁄ , it reduces to 

(𝑎2𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )∞ ∑ ∑
(𝑎2;𝑞2)𝑛+2𝑟 𝑎2𝑛+8𝑟 𝑞

(
2
3

𝑛2+4𝑛𝑟+8𝑟2− 
2
3

𝑛𝑝 − 2𝑟𝑝)

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑎2;𝑞
2

3 ⁄ )2𝑛+6𝑟 (−𝑎𝑞;𝑞)2𝑟

∞
𝑛=0

∞
𝑟=0  

=∑
(𝑞

−2𝑝
3 ⁄ ;𝑞

2
3 ⁄ )𝑗(−1)𝑗𝑎2𝑗𝑞𝑗(𝑗+1)/3

(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑗

 . ∑
(𝑎;𝑞)𝑛(1−𝑎𝑞2𝑛)(−1)𝑛𝑎9𝑛 𝑞

19
2

𝑛2−
𝑛
2

+ 4𝑛𝑗−2𝑛𝑝

(𝑞;𝑞)𝑛(1−𝑎)
∞
𝑛=0

𝑝
𝑗=0                     (3.1) 

Now setting  𝑎 = 1, 𝑝 = 0, 1 in (3.1) we obtain the following identities-   

 
(𝑞

2
3 ⁄ ;𝑞

2
3 ⁄ )∞

(𝑞;𝑞)∞
∑ ∑

(𝑞2;𝑞2)𝑛+2𝑟−1  𝑞
(
2
3

𝑛2+4𝑛𝑟+8𝑟2)

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ;𝑞
2

3 ⁄ )2𝑛+6𝑟−1 (−𝑞;𝑞)2𝑟

∞
𝑛=0

∞
𝑟=0  

= 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞

19𝑛2−𝑛

2∞
𝑛=0  

= 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 𝑞

19𝑛2−𝑛

2∞
𝑛=−∞  

=∏
1

(1−𝑞𝑛)
 , 𝑛 ≢∞

𝑛=1 0,9,10 (mod 19)                                                                           (3.2) 

and 

(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )∞

(𝑞; 𝑞)∞
∑ ∑

(𝑞2; 𝑞2)𝑛+2𝑟−1  𝑞(
2

3
𝑛2+4𝑛𝑟+8𝑟2−

2

3
𝑛−2𝑟)

(𝑞2; 𝑞2)𝑟(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ; 𝑞
2

3 ⁄ )2𝑛+6𝑟−1 (−𝑞; 𝑞)2𝑟

∞

𝑛=0

∞

𝑟=0

 

  = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞

19𝑛2−5𝑛

2∞
𝑛=−∞  + ∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞

19𝑛2+3𝑛

2∞
𝑛=−∞ ] 

  = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 𝑞

19𝑛2−5𝑛

2∞
𝑛=−∞  + ∑ (−1)𝑛 𝑞

19𝑛2−3𝑛

2 ]∞
𝑛=−∞  

= ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                           +                  ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                                             (3.3) 

                     𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0,7,12 (mod 19) ,                    𝑛 ≢ 0,8,11 (mod 19)                      

Again, setting  𝑎 = 𝑞, 𝑝 = 0, 1 in (3.1) we get, 

(𝑞
8

3 ⁄ ; 𝑞
2

3 ⁄ )∞(1 − 𝑞)

(𝑞; 𝑞)∞
∑ ∑

(𝑞2; 𝑞2)𝑛+2𝑟  𝑞(
2

3
𝑛2+4𝑛𝑟+8𝑟2+2𝑛+8𝑟)

(𝑞2; 𝑞2)𝑟(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )𝑛(𝑞2; 𝑞
2

3 ⁄ )2𝑛+6𝑟 (−𝑞2; 𝑞)2𝑟

∞

𝑛=0

∞

𝑟=0

 

12



Vol.9.Issue.3.2021 (July-Sept) Bull .Math.&Stat.Res ( ISSN:2348 -0580)  

 

Shaikh Fokor Uddin Ali Ahmed   
101 

   = 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 (1 − 𝑞2𝑛+1)𝑞

19𝑛2+17𝑛

2∞
𝑛=0  

   = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 𝑞

19𝑛2+17𝑛

2∞
𝑛=0  + ∑ (−1)𝑛 𝑞

19𝑛2+17𝑛

2 ]∞
𝑛=−1  

   = 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 𝑞

19𝑛2+17𝑛

2∞
𝑛=−∞  

   =∏
1

(1−𝑞𝑛)
 , 𝑛 ≢∞

𝑛=1 0,1,18 (mod 19)                                                             (3.4) 

and, 

  

(𝑞
8

3 ⁄ ; 𝑞
2

3 ⁄ )∞(1 − 𝑞)

(𝑞; 𝑞)∞
∑ ∑

(𝑞2; 𝑞2)𝑛+2𝑟  𝑞(
2

3
𝑛2+4𝑛𝑟+8𝑟2+

4

3
𝑛+6𝑟)

(𝑞2; 𝑞2)𝑟(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )𝑛(𝑞2; 𝑞
2

3 ⁄ )2𝑛+6𝑟 (−𝑞2; 𝑞)2𝑟

∞

𝑛=0

∞

𝑟=0

 

             = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 (1 − 𝑞2𝑛+1)𝑞

19𝑛2+13𝑛

2∞
𝑛=0  + ∑ (−1)𝑛 (1 − 𝑞2𝑛+1)𝑞

19𝑛2+21𝑛+4

2∞
𝑛=0 ] 

  = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 𝑞

19𝑛2+13𝑛

2∞
𝑛=−∞       –     q. ∑ (−1)𝑛 𝑞

19𝑛2+17𝑛

2∞
𝑛=−∞ ] 

  = ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                       –                q.  ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                                              (3.5) 

          𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0,3,16 (mod 19) ,                    𝑛 ≢ 0,1,18 (mod 19)                      

Also, using (3.4) in (3.5), we get another identity viz, 

 
(𝑞

8
3 ⁄ ;𝑞

2
3 ⁄ )∞(1−𝑞)

(𝑞;𝑞)∞
∑ ∑

(𝑞2;𝑞2)𝑛+2𝑟 (1+ 𝑞
2
3

𝑛+2𝑟+1
) 𝑞

(
2
3

𝑛2+4𝑛𝑟+8𝑟2+
4
3

𝑛+6𝑟)

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑞2;𝑞
2

3 ⁄ )2𝑛+6𝑟 (−𝑞2;𝑞)2𝑟

∞
𝑛=0

∞
𝑟=0   

  = ∏
1

(1−𝑞𝑛)
 , 𝑛 ≢∞

𝑛=1 0,3,16 (mod 19)                                                                          (3.6)                                   

 

4.  Identities related to modulo 17:  

Taking  𝑥, 𝑦 → ∞,  𝑏 → 0 in the transformation (2.2) and then replacing 𝑞 by 𝑞
1

3⁄ , it reduces to 

(𝑎2𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )∞ ∑ ∑
(𝑎2;𝑞2)𝑛+2𝑟 𝑎2𝑛+8𝑟 𝑞

(
2
3

𝑛2+4𝑛𝑟+9𝑟2− 
2
3

𝑛𝑝 − 2𝑟𝑝)

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑎2;𝑞
2

3 ⁄ )2𝑛+6𝑟 (−𝑎𝑞;𝑞)2𝑟

∞
𝑛=0

∞
𝑟=0  

=∑
(𝑞

−2𝑝
3 ⁄ ;𝑞

2
3 ⁄ )𝑗(−1)𝑗𝑎2𝑗𝑞𝑗(𝑗+1)/3

(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑗

 . ∑
(𝑎;𝑞)𝑛(1−𝑎𝑞2𝑛)(−1)𝑛𝑎8𝑛 𝑞

17
2

𝑛2 − 
𝑛
2

+ 4𝑛𝑗−2𝑛𝑝

(𝑞;𝑞)𝑛(1−𝑎)
∞
𝑛=0

𝑝
𝑗=0                   (4.1) 

Setting 𝑎 = 1, 𝑝 = 0, 1, 2 in (4.1) we obtain the following identities-   

 
(𝑞

2
3 ⁄ ;𝑞

2
3 ⁄ )∞

(𝑞;𝑞)∞
∑ ∑

(𝑞2;𝑞2)𝑛+2𝑟−1 (−1)𝑟 𝑞
(
2
3

𝑛2+4𝑛𝑟+9𝑟2)

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ;𝑞
2

3 ⁄ )2𝑛+6𝑟−1 (−𝑞;𝑞)2𝑟

∞
𝑛=0

∞
𝑟=0  

= 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞

17𝑛2−𝑛

2∞
𝑛=0  

= 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 𝑞

17𝑛2−𝑛

2∞
𝑛=−∞  

=∏
1

(1−𝑞𝑛)
 , 𝑛 ≢∞

𝑛=1 0, 8, 9 (mod 17)                    (4.2)                                                             
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(𝑞

2
3 ⁄ ;𝑞

2
3 ⁄ )∞

(𝑞;𝑞)∞
∑ ∑

(𝑞2;𝑞2)𝑛+2𝑟−1 (−1)𝑟 𝑞
(
2
3

𝑛2+4𝑛𝑟+9𝑟2− 
2𝑛
3

−2𝑟 )

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ;𝑞
2

3 ⁄ )2𝑛+6𝑟−1 (−𝑞;𝑞)2𝑟

∞
𝑛=0

∞
𝑟=0  

  = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞

17𝑛2−5𝑛

2∞
𝑛=0  + ∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞

17𝑛2+3𝑛

2∞
𝑛=0 ] 

= 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 𝑞

17𝑛2−5𝑛

2∞
𝑛=−∞  + ∑ (−1)𝑛  𝑞

17𝑛2−3𝑛

2∞
𝑛=−∞ ] 

= ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                       +                 ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1      (4.3) 

 𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0, 6, 11 (mod 17) ,                    𝑛 ≢ 0,7,10 (mod 17)                      

and  

  
(𝑞

2
3 ⁄ ;𝑞

2
3 ⁄ )∞

(𝑞;𝑞)∞
∑ ∑

(𝑞2;𝑞2)𝑛+2𝑟−1 (−1)𝑟 𝑞
(
2
3

𝑛2+4𝑛𝑟+9𝑟2− 
4𝑛
3

−4𝑟 )

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ;𝑞
2

3 ⁄ )2𝑛+6𝑟−1 (−𝑞;𝑞)2𝑟

∞
𝑛=0

∞
𝑟=0  

  = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞

17𝑛2−9𝑛

2∞
𝑛=0  + (1+𝑞

−2

3 ) ∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞
17𝑛2−𝑛

2∞
𝑛=0   

    + ∑ (−1)𝑛 (1 + 𝑞𝑛)𝑞
17𝑛2+7𝑛

2∞
𝑛=0 ] 

  = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 𝑞

17𝑛2−9𝑛

2∞
𝑛=−∞  + (1+𝑞

−2

3 ) ∑ (−1)𝑛 𝑞
17𝑛2−𝑛

2∞
𝑛=−∞     

     + ∑ (−1)𝑛 𝑞
17𝑛2−7𝑛

2∞
𝑛=−∞ ] 

  = ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                  +    (1+𝑞
−2

3 )   .  ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1         +         ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1          (4.4) 

            𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0, 4, 13 (mod 17),              𝑛 ≢ 0, 8, 9 (mod 17),                 𝑛 ≢ 0, 5, 12 (mod 17) 

Also, Setting 𝑎 = 𝑞, 𝑝 = 0, 1  in (4.1) we obtain the following identities-   

(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )∞

(𝑞; 𝑞)∞
∑ ∑

(𝑞2; 𝑞2)𝑛+2𝑟−1 (−1)𝑟 𝑞(
2

3
𝑛2+4𝑛𝑟+9𝑟2+2𝑛+8𝑟 )

(𝑞2; 𝑞2)𝑟(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ; 𝑞
2

3 ⁄ )2𝑛+6𝑟+2 (−𝑞; 𝑞)2𝑟+1

∞

𝑛=0

∞

𝑟=0

 

= 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 (1 − 𝑞2𝑛+1)𝑞

17𝑛2+15𝑛

2∞
𝑛=0  

= 
1

(𝑞;𝑞)∞
 ∑ (−1)𝑛 𝑞

17𝑛2+ 15𝑛

2∞
𝑛=−∞  

  =∏
1

(1−𝑞𝑛)
 , 𝑛 ≢∞

𝑛=1 0, 1, 16 (mod 17)                    (4.5) 

and, 

 

 
(𝑞

8
3 ⁄ ;𝑞

2
3 ⁄ )∞(1−𝑞

2
3)(1−𝑞

4
3)(1−𝑞2) 

(𝑞;𝑞)∞
∑ ∑

(𝑞2;𝑞2)𝑛+2𝑟−1 (−1)𝑟 𝑞
(
2
3

𝑛2+4𝑛𝑟+9𝑟2+
4
3

𝑛+6𝑟 )

(𝑞2;𝑞2)𝑟(𝑞
2

3 ⁄ ;𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ;𝑞
2

3 ⁄ )2𝑛+6𝑟+2 (−𝑞;𝑞)2𝑟+1

∞
𝑛=0

∞
𝑟=0  

          = 
1

(𝑞;𝑞)∞
[ ∑ (−1)𝑛 𝑞

17𝑛2+ 11𝑛

2∞
𝑛=0  + ∑ (−1)𝑛 𝑞

17𝑛2− 11𝑛

2∞
𝑛=0  – ∑ (−1)𝑛 𝑞

17𝑛2+ 15𝑛+2

2∞
𝑛=0   

–    ∑ (−1)𝑛 𝑞
17𝑛2 − 15𝑛+2

2∞
𝑛=0   ]  

which implies 
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(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )∞

(𝑞; 𝑞)∞
∑ ∑

(𝑞2; 𝑞2)𝑛+2𝑟−1 (−1)𝑟 𝑞(
2

3
𝑛2+4𝑛𝑟+9𝑟2+

4

3
𝑛+6𝑟 )

(𝑞2; 𝑞2)𝑟(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ; 𝑞
2

3 ⁄ )2𝑛+6𝑟+2 (−𝑞; 𝑞)2𝑟+1

∞

𝑛=0

∞

𝑟=0

 

      = 
1

(𝑞;𝑞)∞
 [∑ (−1)𝑛 𝑞

17𝑛2+11𝑛

2∞
𝑛=−∞  – q. ∑ (−1)𝑛  𝑞

17𝑛2+15𝑛

2∞
𝑛=−∞ ] 

= ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                       –   q  .    ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1                   (4.6) 

𝑤ℎ𝑒𝑟𝑒 𝑛 ≢ 0, 3, 14 (mod 17)                𝑛 ≢ 0, 1, 16 (mod 17) 

Now, using (4.5) in (4.6), we get, 

(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )∞

(𝑞; 𝑞)∞
∑ ∑

(𝑞2; 𝑞2)𝑛+2𝑟−1(−1)𝑟(1 + 𝑞
2𝑛

3
+2𝑟+1)  𝑞(

2

3
𝑛2+4𝑛𝑟+9𝑟2+

4

3
𝑛+6𝑟 )

(𝑞2; 𝑞2)𝑟(𝑞
2

3 ⁄ ; 𝑞
2

3 ⁄ )𝑛(𝑞
2

3⁄ ; 𝑞
2

3 ⁄ )2𝑛+6𝑟+2 (−𝑞; 𝑞)2𝑟+1

∞

𝑛=0

∞

𝑟=0

 

= ∏
1

(1−𝑞𝑛)
 ∞

𝑛=1 , 𝑛 ≢ 0, 3, 14 (mod 17)       (4.7)  
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