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ABSTRACT

In this paper, we give a common fixed point theorem for four maps
in complex valued b-metric spaces and obtain a generalization of
theorem of R.K.Verma and H.K.Pathak [4].
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Introduction

The study of metric spaces expressed the most important role to many fields both in pure
and applied science such as biology, medicine, physics, and computer science. Many authors
generalized and extended the notion of a metric space such as a vector valued metric
spaces, G-metric spaces, a cone metric space and a modular metric spaces and etc.

The concept of b-metric space was introduced by Czerwik[2]. Several papers deal with fixed
point theory for single valued and multivalued operators in b-metric spaces.
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Recently, Azam et al.[1] first introduced the complex valued metric spaces which is more
general than well-known metric spaces and also gave common fixed point theorems for
mappings satisfying generalized contraction condition. This new idea can be utilized to
define complex valued normed spaces and complex valued inner product spaces. Several
authors studied many common fixed point results on complex valued metric spaces (see[5-

7]).

In this paper, we give a common fixed point theorem for four maps in complex valued
b-metric spaces and obtain a generalization of theorem of R.K.Verma and H.K.Pathak [4 ].

2. Preliminaries

Let C be the set of complex numbers and 2,2, €C, Define a partial order < and < on Cas

follows:
(i) z1 < zzif and only if Re(z1) < Re(z;) and Im(z1) < Im(zy);
(i) zy = zy if and only if Re(z1) £ Re(zz) and Im(z1) < Im(zy).

It follows that z; < z; if one of the following conditions is satisfied
(i) Re(z1) =Re(zz), Im(z1) <Im(za),
(i) Re(z1) < Re(z2), Im(z1) =1m(z,),
(iii) Re(z1) < Re(zz), Im(z1) < Im(z,),
(iv) Re(z1) =Re(zz), Im(z1) = Im(zy).

In (i), (ii) and (iii), we have |Z1| < |22|.In (iv), we have |Z1| = |Zz|. So |21| < |Zz|-
In particular, z; X z; if z; # z; and one of (i), (ii) and (iii) is satisfied, In this case |Zl| < |22|.

We will write z; < z, if only (iii) satisfied.

It follows

(i) 0 =z £ z; implies |21| < |22|,

(i) z1 2 z;and z; < zzimplies z; < z3,
(iii) 0 <z1 < z; implies |Zl| < |22|,

(iv) a,b e R,0<a <band z1 S z; implies az; S bz,.
Now, we briefly review the notation about complex valued b-metric space.
Definition 2.1: Let X be a nonempty set and s > 1 a given real number. A function

d: XxX->C is called a complex valued b-metric (cvbm) if it satisfies the following

(cvbm-1) 0 = d(x,y) and d(x,y) =0 ifand only if x =y forall x,y e X;
(cvbm-2) d(x,y) = d(y,x) forall x,y e X;
(cvbm-3) d(x,y) = s[d(x,z) + d(z,y)] forall x,y,z e X.
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The pair (X,d) is called a complex valued b-metric space.
Definition 2.2: Let (X,d) be a complex valued b-metric space.

(i) A point xe X is called interior point of a set Ac X whenever there exists

0 < r € Csuch that B(x,r) = {yeX:d(x,y){r}t;ﬂ.

(i) A point X e X is called limit point of a set Ac X whenever for every 0<reC

such that B(x,r) "' (r-4)=¢

(iii) A subset B < X is called open whenever each element of B is an interior point of
B.

(iv) Asubset B < X is called closed whenever each limit point of B belongs to B.

(v) The family F = {B(x,r) : xe X, and0 <r} is a sub basis for a topology on X. We

denote this complex topology by . Indeed, the topology 7 is Hausdorff.

Definition 2.3 : Let (X,d) be a complex valued b-metric space, and let {x,} be a sequence in
Xand xe X

(i) If for every c e C with 0<cthereis N, € N such that for all n > ng, d(x,,x) <c,

then {x,} is said to be convergent, {x,} converges to x and x is limit point of {x,}. We
denote this by x,=> xas n - e or lim x, = x.

n—o0
(ii) If for every ¢ € C with 0 <cthereis N, € N such that for all n > ng, d(Xn,Xnm ) <€,
where m e N, then {x,} is said to be Cauchy sequence.
(iii) If every Cauchy sequence is convergent in (X,d), then (X,d) is called a complete

complex valued b-metric space.
One can prove the following lemmas in similar lines as in [1].

Lemma 2.4 : Let (X,d) be a complex valued b-metric space, and let {x,} be a sequence in X.

Then, {x,} converges to x if and only if ‘d (X, X)| —0asn — oo.

Lemma 2.5: Let (X,d) be a complex valued b-metric space, and let {x,} be a sequence in X.

n? Xn+m

Then, {x,} is a Cauchy sequence if and only if ‘d(x )| — 0asn — oo, wherem e N.

Definition 2.6([3]): Let S and T be two self-maps defined on a set X. The mappings Sand T
are weakly compatible if STx = TSx whenever Sx = Tx.

3. MAIN RESULTS

Theorem 3.1: Let (X,d) be a complex valued b-metric space and let S,T,A and B are four self
maps on X such that

(i) S(X) =B(X)and T(X) < A(X)

(i)d(Sx, Ty) < gqmax{d(Ax, By), d(Ax, Sx), d(By, Ty), d(Ax, Ty), d(By, Sx)} for all x,y € X.
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Suppose that the pairs (S, A) and (T, B) are weakly compatible and T(X) is closed.

Assume that 0<q <—; .
S"+S
Then S, T, A and B have unique common fixed point in X.

Proof: Sinceq < , we have 0 < g<1.

s?+5s

Suppose X is an arbitrary point of X and define the sequence {x,} and {y,} in X such that
Y2n = SXa2n = BXan+1 and Yans1 = TXone1 = AXonep foralln=0,1,2,3, ...
d(Y2n,Yan+1) = d(SXan, TX2n41)
< q max {d(Axzn,BXzn+1), d(AXan, SX2n), d(BX2n+1, TX2n41),d(AXzn, TX2n41),
d(BX2n+1,5%2n)}
< g max {d(y2n-1,Y2n), d(Y2n-1,Y2n), d(Y2n,Y2n+1), d(Y2n-1,Y2n+1), d(Y2n,Y2n)}
< g max {d(yz2n-1,Y2n), d(Y2n,Y2n+1), s[A(Y2n-1,Y2n) + d(y2n,Y2n+1)]} (3.1)
If yan-1 = Y2n, for some n then from (3.1), d(y2n,Y2n+1) = gs d(yan,Y2n+1)-
Hence d(y2n,Y2n+1) =0 so that ya, = yan.
Continuing in this way we can show that
Y2n-1 = Y2n T Yont1 = ceeneeees
Hence {y,} is a Cauchy sequence.
Now assume that y, # yn+; for all n.
For simplicity, write d,, = d(y2n,Y2n+1). From (3.1), we have
dan =q max { dan1, dan, S(don-1 + dan) } (3.2)
If max { dan.1, dan, S(d2n-1 + dan) }= dan then from (3.2) dy, < q dy,, Which is a contradiction
since 0 < g<1.
Therefore, (3.2) becomes d,, <q max { dyn.1, s(dan1 + dan) }-

Thus dy, Sy dyng, forall ne N (3.3)
where y = max{q, > } .

1-sq
Similarly we can show that dyn.1 Sy danp, forall ne N . (3.4)
Thus from (3.3) and (3.4), we have d, Sy d,.; which in turn yields that
d, 3y"do foralln=1,2,3,........ (3.5)

1

1

If y=q then sy <s <=<1.
v=a 4 [(52+s)} 1+s 2
1
1+s

sq Sq
If yzmthenS;/:SL_Sq}<sl 1 =1.
T 1+s
Thusys < 1. (3.6)
Now for m,ne N with n < m, we have
d(Yn,Ym) S 5 d(YnYne1) + 5> d(Yner,Yne2) + 5°0(Yns2,Yns3) + -=-mmmn +5™" d(Ym-1,Ym)
2y" s dlyo, y1) + v s> d(yo, ya) + --------- +y™* s™" d(yo, y1), from (3.5)
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$vns(1+vs+y2 52+ ............ ) d(yo, yl)

"s
A(Yn Vo) S Z—-[d (Yo, ¥,)] > Oasnm->ee.
1-p
Hence {y, } is a Cauchy sequence . Since X is complete, there exists ze X such that y,—>z.

Since T(X) is closed, so z e T(X).
Since T(X) < A(X) then there exists u € X sych that z = Au.

Now we show that Su = Au = z.
d(Su,z) = s[d(Su, Tx,n41) + d(TX041,2)]
= d(Su, z) 3q max{d(Au,Bxan:1), d(Au,5u), d(BXans, TXaner), d(AU, Txansi),
d(BXon+1,Su) Hd(TXon41,2)

id(su; Z) $q max {d(zly2n)r d(Z,SU), d(VZn,V2n+1), d(z,y2n+1),d(y2n,5u)} + d(y2n+1;z)

1

; }:I‘I(SH,ZH = of Az ﬂd (Z,_}’h:l|,|ﬂ? (Z,SH:IL |':i(.y2:u =.y2:u+1}|= |d(z=.y2:u+1}|= |d'i.}’:4:u =SH}| }+ H{yﬂmhzﬂ
Taking n — vowe have

l}:ﬁ(ﬂu,zﬂ = gmax {d(z,5).8ld(z,5u)|}
=

l}::t‘(Su,zH = qs|d(z,3u]|
g

(S, 2)| = 5 g |d (Sw, 2)|.
Since s®q <1, wehave |d(Su, z)| =0 implies z = Su . Therefore Su=Au =z.
Since z = Sue S(X) < B(X) then there exists v in X such that z = Bv.

Now we show that Tv=Bv =1z.
d(Tv,z) < s[d(Tv, Sx,,,) + d(Sx,,,7)]
d(Tv,z) = s[d(szH,Tv) + d(szH,z)]
id(Tv, z) 2q max{d(Axzn,Bv), d(Axzn,SX2n), d(Bv,Tv), d(Axzy, Tv),
d(Bv,Sx,n) }+d(Sx2n,2)

id(Tv) Z) $q max {d(VZn-lrz), d(VZn-l; y2n); d(Z,TV), d(y2n-1;TV);d(Z: YZn)} + d(VZmZ)

1

B @22 gme {0, 2K O 2L @ TR 2t T2 220 H R 072020
Taking n — vowe have

% }:I'(Tv, z)| = gmax {|.:1’ (z, ij|,s|d (z, Tv]l|}

% }:I'(Tv, z}| = gs|a!'(Tv, z}|

(v, z)| = a%q |d(Tv.2)|.

Since s?q <1, wehave |d(Tv,z)| = 0 implies z=Tv . Therefore Tv=Bv =z.
Since S and A are weakly compatible and Au =Su=z, we have Sz = Az. Now
d(Sz,z) = s[d(Sz, TXyn41) + d(TXn41,2)]

Vol.1.Issue.1.2013
Bull.Math.&Stat.Res



A Common Fixed Point Theorem .... K.P.R Raoetal.,

%d(SZ, z) <q max{d(Az,Bxzn+1), d(Az,52), d(BXan+1, TX2n+1), d(AZ, TX2n+1),
d(BX2n+1,52) }+d(TX2n+1,2)

= d(S2,2) 3 max{d(Sz,Yan), d(52,52), d(yanYaner), d(S2,Ym1),d(V2n,S2)} + d(yania,2)

i K (52, 2)| = g max {@ (52,55, |d (52, 520 K 2 aws ) B 052,000 )b B O 52| }+ B r201.2))|
Taking n — 00 wehave

é W (Sz,2)| = ¢ max {s|d (52, 2)| s|d(Sz, 2)|, sld (z,52)}

[d(Sz.2)| = & q |d (8z.2) |

Since s?q <1, wehave |d(Sz,z)| = 0 implies z = Sz . Therefore Sz=Az = z.
Since T and B are weakly compatible and Tv = Bv =z ,we have Tz = Bz.Now
d(Tz,z) < s[d(Tz, Sx,,) + d(Sx4,2)]
d(Tz,z) < s[d(SXZH_TZ) + d(Sx5p, z)]

id(Tz, z) <q max{d(Axan,Bz), d(AX2n,SX2n), d(Bz,Tz), d(Axan, Tz),

d(Bz,Sx2,) H+d(Sx2n,2)
=d(Tz,7) 39 max {d(yon1,T2), d(yan1, Yan), d(T2,T2), d(y2n1,72), (T2, yan)} + dly2n,2)

1

E H(TE,Z) | = g tnax [Jff (Vinas 22) | |'511 I:yh—lryh:l|r|d ':.J’zx—erZ:'L |d(TZ=}"2x :'| }+ |¢1‘()"n z)|
Taking n — cowe have

1};3(Tz,z)|5 gmax (s|d (72,2)) 6| (72, 2)|, s]d (72, 2)] }

oy

(T2, 2)| g |4 (T2, 2)].
Since s?q <1, wehave |d(Tz,z)| =0 implies z =Tz . Therefore Tz =Bz = z.

Therefore z is common fixed point of S,T,A and B.

Uniqueness

Let w be another fixed point of S, T, A and B.

ThenSw=Tw=Aw=Bw=w

d(z,w) = d(Sz,Tw) < q max{d(Az, Bw), d(Az, Sz), d(Bw, Tw), d(Az, Tw), d(Bw, Sz)}
= g d(z,w)

Thus we have |d(Z,W)| <q |d(Z,W)

Hence z is the unique common fixed point of S,T,A and B.

,which in turn yields that z=w .

Remark 3.2: By taking s = 1, A = B = Identity map in Theorem 3.1, we get Theorem 2.1 of
R.K.Verma and H.K.Pathak [4].

Corollary 3.3: Let (X,d) be a complex valued metric space and let S,T,A and B are four self

maps on X such that
(i)S(X) = B(X) and T(X) = A(X)
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(ii)d(Sx, Ty) 3 qmax{d(Ax, By), d(Ax, Sx), d(By, Ty), d(Ax, Ty), d(By, Sx)} for all x,y € X.
Suppose that the pairs (S, A) and (T, B) are weakly compatible and T(X) is closed.

1
Assume that0< g < 7 Then S, T, A and B have unique common fixed point in X.
Now we give an example to illustrate Theorem 3.1

EXAMPLE 3.4: Let (X,d) be a Complex Valued b-metric space, where X = [0,1] and
d:XxX->C by d(x,y) = [x - y|2+i|x - y|2 :
2 . 2 2 . 2
dix,y) = |x—y| +1|x— y| E|{x— )+ iz — y)| +i |(x— z) +(z—y}|

= [|X—Z|2 +|:r:—j:.r|2 +2|x—z||z —5.r|]+x'hx —:r:|2 +|z —‘j.r|2 +E|X —z||z —5.r|]

E“X —z|2 +|E—F|2 +|x—z|2 +|z—§.r|2 J+ihx —z|2 +|z—§.r|2 +|X —z|2 +|z —5.?|2J

<ffe-of +afe-of [+ fe 5P 5T

d(x,y) = 2[d(x2)+d(z,»)]

Here s = 2.
x? X x*
Define S, T, A and B: X%beSx—— Tx—— AX—E ande-?
2 2 212
d(Sx, Ty) = x_Y +i——y—
18 27 18 27 2 3

2

d(Ax, By) = = [‘1 - y—

2 3

7 et
al

1
d(Sx, Ty) = —d(Ax, B
(Sx, Ty) a1 ( y)

1 1 1
Hereq= — <—; =—
8l s“+s 6
All conditions of the Theorem 3.1 are satisfied. Clearly ‘0’ is the unique common fixed point

of S, T,AandB.
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