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ABSTRACT
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The ternary quadratic homogeneous equation representing homogeneous

. r? 4 y? =29z2
cone given by -

is analyzed for its non-zero distinct
integer points on it. Four different patterns of integer points satisfying the
cone under consideration are obtained. A few interesting relations between
the solutions and special number patterns namely Polygonal number and

KY Publications Nasty number are presented. Also knowing an integer solution satisfying the

given cone, three triples of integers generated from the given solution are

exhibited.
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INTRODUCTION

The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety
[1,19]. For an extensive review of various problems, one may refer [2-18]. This communication concerns with
yet another interesting ternary quadratic equation x + _1': = 29z° representing a cone for determining its
infinitely many non-zero integral points. Also, a few interesting relations among the solutions are presented.
NOTATION:
T, .. — Polygonal number of rank n with size m.
2.METHOD OF ANALYSIS
The ternary quadratic equation studied for its non-zero distinct integer solutions
is given by

x? —_1,': = 29z? (1)

To start with, note that (1) is satisfied by (=53, =2, =1). However, we have other patterns of solutions which

are illustrated as follows:
2.1 Pattern 1:
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Assume z = z(a,b) = a* + b*, where a,b > 0 (2)
and Write29as 29 = (2 +5i)(2 — 5i) (3)
Substituting (2) & (3) in (1) and employing the method of factorization, define

x+ iy =(2+5i)(a+ib)’

Equating the real and imaginary parts in the above equation, we get

x=x(ab) =2a" —2b* — 10ab , vy = v(a,b) = 5a° —5b% + 4ab (4)
Thus, (2) and (4) represent the distinct integer points on the cone (1).
Properties:

@ x(A+1,A+1)+2T,, =0 (mod 2)

o v(2,2B) + 2Tz =0 (mod 2)

% x(24,1) —v(24,1) — Tyg 4 —Typq = 0 (mod 3)
o (28,28 + 1)+ Ty + Tpu . = —26(mod 42)
% 6{v(4,4)} = 6 X 447 isa Nasty number.

2.2 Pattern 2:

Equation (1) can be written as
$+5 Iz-y A4 ;
ImEE T o 7 where B0 (5)

2=ty x—hz

This equation is equivalent to the following two equations:
Bx—Av+ (5B —24)z=0,—Ax —Bv+ (2B +54)z = (6)
By the method of cross multiplication, we get the integral solutions of (1) to be
x=x(A,B) = —547+ 58° — 448
y=v(A4,B) = 24*—2B* — 104E

. . (7)
z=z(4,B)= —-A? - B?

Properties:
@ x(A,1)+ Ty, +T., =5 (mod 7)
o x(A+1,A+1)+2T., =0 (mod2)
o v(B+4,B+4)+T,.z+Tes =0 (mod?2)
o x(4,1)+v(A1)+=2(41)+ 2T, =0 (mod 2)
o x(1,B) —v(1,B) —z(1,B) =Ty, s — Tz = 0 (mod 6)

Note :

Equation (5) can also be written in the following way:

xt+5= 2z +y A
1. === whereBE=10
2z—y x—bz B

Proceeding as above in pattern 2, different choice of integer solutions to (1) is obtained.
2.3 Pattern 3:

Equation (1) can be writtenas x~ = 29z% — _1.': (8)
Assume ¥ = x(a, b) = 29a* — b*, wherea, b =0 (9)
Using (9) in (8) and employing the method of factorization, define
[y'ﬁa +b) = [:y'ﬁ: + _1.'}
Equating the rational and irrational factors, we get

v=v(a.b) = 29a® + b* 1

z=z(ab) = 2ab J 10)
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Thus (9) &(10) represents the distinct integer points on the cone (1).
Properties:
e x(A,A+1)— 2Ty, =—1 (mod 24)

& v(B,B+2)—Tay—Tapz =0 (mod 4)
& x(A+1,A+2)—Ty5 —Toep =0 (mod5)

& x(A,A—-1)+2yv(AA—-1)+22(AA— 1) —Typu g — Teaq = 1 (mod3)

o 6{x(4,24)} = 6% 254%is a Nasty number.
2.4 Pattern 4:
Equation (1) can be written as
29z —yP=x%%1
Write 1 as

(~Z5% +5)(+2Z5% -5

Using (9) & (12)in (11) and applying the method of factorization, define

‘fﬁ: +yv= [‘vﬁﬂ " b}: (+Z5+5)

Equating the rational and irrational factors, we get

v =1v(a,b) = 2[145a% + 5b% + 58ab]

-

z=z(ab) ==[29a% + b* + 10ab]

Replacing a by 2A and b by 2B in the above equation, the corresponding
integer solutions to (1) are given by
x = x(A4,B) =1164% — 4F*

v =v(4,B) = 2904 + 10B° + 11648

z=1z(A, B) =584+ 257 + 2048
Properties:
% (A, 1) = Tagy g — Tapas = 0 (mod 2)
% 2(A4,2) =Ty 4 — Ty = 0 (mod 8)

o x(1,B) —v(1,B)+=z(1,B) + Tz + Ty = 0 (mod 2)

o x(A4,-2)—z2(A4,-2) — Tgy 4 — T34 = 0 (mod 3)
¢ v(1,B)—2z(1,B) —Typ5 — Tz = 14 (mod 80)
& z(3,54) — 2Tz, , = 0 (mod 3)

Note:
Instead of (12) we can also write 1 as

(2% +2)(+25-2)

(11)

(12)

(13)

(14)

Proceeding as above in pattern 4, we can get different choices of integer solutions to (1).

3.Generation of integer solutions:

Let (1‘,3., Voo :E.j be any given integer solution of (1), Then, each of the following triples of non-zero distinct

integers based on X, ¥, I, also satisfies (1).

Triple 1: (2"x,.¥,,.2,)
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= [5v294, v, + 145B,z,]

Zn = o [5B, vy +5v294,2,]

where A, = (27 +5429)" + (27 — 529)"

B, = (27 +5v29)" — (27 — 5v29)".
Triple 2: (x-n.l 5" LT z':l]jl

Here X, = _T ((29 — (—1)"25)x, + 145(—1+ (—1)™)z,)

zp =2 (51— (~1)")x, + (=29 + (~1)"25)z,)
Triple 3: (x,,, ¥,,.5"2;)
Here x, = 5'"'_1[:@1- (=1 ), +2(1+ E—l)")_‘.’,:.}

Zp = 571201 — (D)Mo + (1 + 4(=1))p)
4.Remarkable Observation:

Let X, ¥ be represent the positive distinct integer solution of (1).

Let 2. q be two non-zero distinct positive integers suchthatp = x +=,q ==

Note that == g == 0. Treat . 4 as the generators of the Pythogorean triangle 5§ (fﬁu& }’:l
Where @ = 2pg, = ;G: - qr:, ¥ = ;G: T cr:. Let A & P represent the area and perimeter of S.

This Pythogorean triangle 5 is such that
(i) 3y —a—28=0 (mod29)
(i) ¥+ e —% =0 (mod 29)
(ii) 57 — 3@ — 4f + = = 0 (mod 29)

5.CONCLUSION
In this paper, we have presented four different patterns of non-zero distinct integer solutions of the
homogeneous cone given by x + 1, 2 =29z Since the ternary quadratic Diophantine equations are rich
in variety, one may search for other choices of Diophantine equations to find their corresponding integer
solutions.
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