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1. INTRODUCTION TO LINEAR CLASSIFIERS

As it is proposed to study the relative performance of Bayes and Distance classifiers in case
of two Multivariate Normal populations, the decision rules are presented here for ready reference:
a) When the parameters are specified

i) Bayes Rule
When X,=2,=% the Bayes Rule which is originally quadratic reduces to linear and is given
by
Tody , L( Tea Ty-t P(” ) &
(t, — 1) S X+ (27— 1357, ) s I, X (1.1)
2 P(”z) T,
1) DISTANCE CLASSIFIER
The decision rule is
2 2 Pz T
X = <X - = 2mPE) Xe{ 12
P(”z) 4z
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This decision rule has the geometrical interpretation of comparing the distances from X to
AL, and UL, according to a Threshold. When P(7Z'1)= P(7Z'2)=0.5, the decision boundary is the
perpendicular bisector of the line joining ££; and £, .

b) When the parameters are unknown
When the parameters are unknown, then they are estimated based upon two samples of

sizes Ny and N, respectively from 741 and 7T, , before the classification is done. The estimates
are given by

l[li = )?i and i = Spooled = (nl _l)sl+(n2 _1)52
n +n,—-2
where S/ =LZ(Xi — )?)2
n; -1

Now, the methods described above can be used by replacing ,Ul,,uz,z respectively by

Xl’xz and Spooled .

2. Computation of Total Probability of Misclassification (TPM)

Computing probability of error of misclassification is somewhat difficult as it involves
evaluation of multiple integrals [c.f Fukunaga (1990)]. However TPM can be estimated by means of
the confusion matrix using simulation and the process is as under:

Total Probability of Misclassification (TPM) is defined as,
TPM = P(misclassifying a 77, observation or misclassifying a 77, observation)

Therefore the confusion matrix is of the form

Predicted
1 7y)
Ty Mc My = Ng=Nye
Actual
2 Moy = Ny =MNye Nac

Nic = Number of 7, items correctly classified as 7, items
N, = Number of 7, items correctly classified as 7, items

Ny = Number of 7, items misclassified as 7, items

N, = Number of 7, items misclassified as 7, items

3. METHODOLOGY
Let N (4,Z) and N, (x5, %) be the two normal populations to be discriminated for the

specified parameters using above said methods. Without loss of generality f{1 is taken as Null

vector, Hy is taken as K [1]T (where [l]T is a vector with all components as unity), k varying
from 0.5(0.5) 3.
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Exploiting the relationship V]/Z,()Vl/2 =2, (where Vand o are respectively the diagonal
matrix of variances and intra class correlations), here it is considered X = p and the dimensionality
(p) ranging from 3(1)10 and the correlations in the correlation matrix ranging from 0.2 to 0.8
spreading with equidistant along the rows are taken in ascending fashion and in another case it is

taken in the descending order. The priori probabilities p(7;) = p; and p(7,) = p, =1- p;. Here

we have taken p; =0.1(0.1)0.9.
4, GENERATION OF MULTIVARIATE NORMAL DATA

The vectors of multivariate normal data with the specified parameters can be obtained
starting from univariate standard normal data using Box and Muller (1958) technique and from this,
we can generate multivariate normal data for any specified set of parameters 4,2 [c.f Fukunaga

(1990)].
When the parameters are not specified then the simulation study involves two phases -

Training (estimation) and Validation (classification). In training phase, based on samples of size Ny

and N, drawn respectively from the specified populations, estimation of parameters is done, then

the classifiers are constructed, while in validation phase another set of pseudo random vectors are
drawn from Multivariate Normal and is used to study the performance of classifiers under
consideration.
5. SALIENT OBSERVATIONS ON THE SIMULATION RESULTS
The tolerance limit for TPM is taken as 10% and the following observations were made:
PARAMETERS ARE SPECIFIED
I. Decreasing pattern of correlations in 2, matrix.
1. Distance classifier performs better than Bayes classifier under orthogonal transformation.
II. Increasing pattern of correlations in X, matrix
2. Distance classifier under orthogonal transformation is the only classifier satisfying the
tolerance limit condition.
PARAMETERS ARE NOT SPECIFIED
I. Decreasing pattern of correlations in >’ matrix.
3. Bayes classifier performs better than Distance classifier under given vector.
4. Under Orthogonal transformation, Distance classifier performs better than Bayes classifier

even when the priori probabilities p(7z;) are increasing.
5. Under Jackknifing Bayes classifier performs better with the gradual increase in p(7r1) .

Il. Increasing pattern of correlations in ' matrix.
6. Under Jackknifing Bayes classifier is performing better when compared to the Distance
classifier.
7. In general given vector under any classifier is performing better when compared to
Orthogonal transformation and Jackknifing, However Jackknifing under Bayes classifier is
equally good when compared to Bayes classifier under given vector with the increase in priori

probability p(7y) .

Performance of jackknifing very much depends on size of the samples and priori
probabilities. It is observed that Jackknifing gives better results with the increase in sample sizes and

priori probabilities p(7z;) .
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ANNEXURE
100*TPM OF BAYES AND DISTANCE CLASSIFIERS IN CLASSIFYING TWO POPULATIONS

7 :Np(0,%) and 72 1 Np(2,%)
TABLE NO: 1.1: DECREASING ORDER OF CORRELATIONS IN £ MATRIXWHEN THE PARAMETERS ARE SPECIFIED

m :N1o(0,%) 72 1 Nig(u2.%)
p(m) Lo (3.01" (2.5)1" (2.01" (1.5)1" (1)1’ (0.5)1"
Classifier (1] (2] (1] (2] o (2] (1] (2] (1] (2] (1] (2]
0.1 Bayes 28 | 00 | 62 | 02 | 108 | 41 | 215 | 170 | 363 | 41.0 | 50.0 | 50.0
Distance 58 | 00 | 101 | 00 | 137 | 03 | 198 | 15 | 279 | 84 | 403 | 36.1
0.2 Bayes 30 | 00 | 51 | 30 | 72 | 12 | 168 | 78 | 29.1 | 273 | 468 | 495
Distance | 84 | 00 | 92 | 00 | 115 | 00 | 186 | 09 | 28.7 | 6.7 | 388 | 29.3
0.3 Bayes 29 | 01 | 59 | 02 | 97 | 10 [ 175 | 51 | 269 | 19.3 | 393 | 44.1
Distance 68 | 00 | 115 | 00 | 152 | 01 | 205 | 09 | 305 | 8.0 | 36.7 | 243
0.4 Bayes 31 | 00 | 57 | 01 | 96 | 07 | 152 | 36 | 2655 | 125 | 379 | 321
Distance 79 | 00 | 112 | 00 | 135 | 01 | 208 | 09 | 29.7 | 54 | 376 | 225
0.5 Bayes 41 | 00 | 62 | 0.0 | 101 | 06 | 164 | 24 | 253 | 95 | 369 | 264
Distance 79 | 00 | 119 | 00 | 134 | 02 | 222 | 13 | 301 | 53 | 397 | 217
0.6 Bayes 42 | 00 | 71 | 01 | 102 | 04 [ 179 | 29 | 26,7 | 11.1 | 413 | 321
Distance 77 | 00 | 112 | 00 | 155 | 00 | 214 | 09 | 306 | 53 | 40.0 | 23.3
0.7 Bayes 36 | 00 | 61 | 01 | 123 ] 05 | 205 | 52 | 276 | 17.4 | 439 | 435
Distance 74 | 00 | 96 | 00 | 146 | 00 | 216 | 1.3 | 298 | 58 | 415 | 253
0.8 Bayes 47 | 00 | 96 | 03 | 142 | 11 | 244 | 66 | 338 | 26.1 | 473 | 495
Distance 71 | 00 | 118 | 00 | 151 | 01 | 252 | 1.1 | 295 | 63 | 409 | 2838
0.9 Bayes 64 | 00 | 122 | 04 | 199 | 39 | 285 | 17.1 | 40.9 | 40.9 | 49.9 | 49.9
Distance | 88 | 00 | 124 | 0.0 | 166 | 0.0 | 225 | 1.3 | 345 | 100 | 41.9 | 38.0

p(z) : Priori Probability of 771 @ For a Given Vector @ Using Orthogonal Transformation
TABLE 1.2: INCREASING ORDER OF CORRELATIONS IN X MATRIX WHEN THE PARAMETERS ARE SPECIFIED

71 N1g(0,X) 7y : Nig(u2,%)
p(m) P (3.01" (2.5)1" (2.01" (1.5)1" (1.01" (0.5)1"
Classifier (1] (2] (1] (2] (1] (2] (1] (2] (1] (2] (1] (2]
0.1 Bayes 16.6 | 20.1 | 23.4 | 25.0 | 28.7 | 32.4 | 39.8 | 40.4 | 46.6 | 48.1 | 50.0 | 50.0
Distance | 6.7 | 0.0 | 11.1 | 00 | 139 | 04 | 236 | 1.2 | 303 | 84 | 414 | 37.7
0.2 Bayes 189 | 234 | 21.1 | 28.1 | 27.0 | 325 | 3655 | 35.4 | 41.3 | 44.3 | 50.0 | 50.0
Distance | 6.7 | 0.0 | 99 | 00 | 168 | 04 | 246 | 0.8 | 305 | 81 | 410 | 274
0.3 Bayes 15.1 | 25.0 | 19.4 | 29.6 | 25.5 | 29.5 | 31.4 | 345 | 41.4 | 38.1 | 47.3 | 49.3
Distance | 80 | 0.0 | 96 | 00 | 152 | 02 | 227 | 0.6 | 327 | 7.4 | 396 | 24.6
0.4 Bayes 179 | 26.2 | 203 | 295 | 26.1 | 30.3 | 32.2 | 34.4 | 37.2 | 39.3 | 46.8 | 46.3
Distance | 6.9 | 0.0 | 105 | 0.0 | 172 | 02 | 238 | 1.5 | 316 | 7.6 | 42.1 | 233
0.5 Bayes 16.4 | 33.1 | 21.6 | 34.0 | 25.2 | 33.4 | 31.0 | 36.8 | 36.3 | 43.0 | 44.1 | 46.1
Distance | 6.8 | 00 | 105 | 00 | 142 | 01 | 199 | 1.0 | 296 | 83 | 40.4 | 23.6
0.6 Bayes 19.7 | 325 | 226 | 33.8 | 2655 | 353 | 31.5 | 388 | 37.1 | 40.2 | 45.8 | 47.2
Distance | 7.2 | 00 | 109 | 00 | 167 | 02 | 219 | 1.9 | 30.6 | 55 | 42.5 | 25.0
0.7 Bayes 169 | 35.8 | 25.3 | 35.8 | 30.9 | 39.3 | 34.0 | 41.7 | 414 | 443 | 473 | 49.4
Distance | 6.6 | 0.0 | 11.7 | 00 | 175 | 0.4 | 246 | 1.4 | 305 | 82 | 39.4 | 251
0.8 Bayes 19.5 | 39.6 | 27.7 | 40.1 | 29.3 | 43.3 | 37.2 | 45.0 | 45.1 | 46.8 | 49.7 | 50.0
Distance | 69 | 00 | 147 | 01 | 150 | 0.6 | 258 | 2.0 | 31.5 | 9.0 | 42.2 | 29.2
0.9 Bayes 238 | 42.7 | 27.2 | 446 | 348 | 46.7 | 41.6 | 48.1 | 47.8 | 49.7 | 50.1 | 50.0
Distance | 83 | 0.0 | 106 | 0.0 | 154 | 0.1 | 254 | 2.4 | 309 | 14.4 | 40.4 | 40.9

p(m) : Priori Probability of 771 @ For a Given Vector ® Using Orthogonal Transformation
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TABLE 1.3: DECEASING ORDER OF CORRELATIONS IN ~ MATRIX
WHEN THE PARAMETERS ARE NOT SPECIFIED

1 :Ng(0,%) . 775 : Nyg(up,Z) Size of First Sample: 10 ; Size of Second Sample: 20

B: Bayes Classifier D: Distance Classifier

o) H2 (3.017 (2517 (2.017 .517 (1.017 (0.5)17
o | © © (0| © (3] o e (3] (1] 2} (3] o (2} 3] 2} (3]
01 (B |0 49 50 0 |475]50 05 |44 | 497 |07 |467 |49.2 |87 42.2 | 49 30.7 | 45 48.5
D |0 05 [125 02|05 |137 |42 |07 |215]9 5.5 29 215 | 147 | 422 |36 37.7 48.5
02 (B |0 492 | 482 |0 | 465 | 477 |0 46.7 | 46 02 | 442 | 452 |75 50.7 | 442 | 242 |517 455
D |1 1 82 |12]05 |115 |37 |32 |165 |85 |42 23.7 |19 15 345 |33 38 46.5
03 |B |0 485 | 30 0 |46 34 0 427 | 345 |12 | 432 |345 |6 417 | 33 235 | 455 41
D |0 02 |62 [12]12 |112 |47 |07 |15 10.7 | 6.5 22 195 [ 107 |29 34 315 40.5
04 (B |0 482 | 142 |0 | 477 | 14 0 475 | 175 | 1 442 | 185 | 7.7 445 | 24 26.7 | 46 335
D |0 05 |62 |07]02 |87 [32 |17 |112]82 |62 172 | 16.7 | 15 24.7 | 345 | 285 35.7
05 (B |0 475 (32 |0 | 477 |4 0 455 |65 |22 |445 |77 |5 415 | 142 | 22 47.7 255
D |[02]0 67 |0 15 |65 |3 3 9.7 |95 |72 132 | 157 | 137 |20.7 |28 33.2 325
06 (B |0 482 (02 |0 |472]07 |0 47 07 |12 |452 |35 |52 47 9.5 215 | 452 217
D |[02]|02 |55 |07]|12 |67 |37 |17 |92 |75 |8 147 | 16,7 | 145 |18 26,5 |30 30.2
07 (B |0 49 0 0 |48 0 0 47 0 0.7 | 47 15 | 45 432 | 4 27.7 | 485 295
D [02]|07 |27 |07]25 |6 3 35 |87 |57 |57 12 185 |19 18 335 | 365 35.7
08 (B |0 487 | 0 0 (475|105 |0 46 15 |12 |445 |35 |67 477 | 107 | 212 | 462 315
D |[02]07 |47 [02]3 556 |27 |36 |57 |72 |85 85 |16.2 |26 162 |31 355 36.7
09 (B |0 497 |95 |0 |482 |11 0 47 17 1 47 185 | 7.7 452 302 |315 |492 42.2
D [02]1 35 |12 ]1 47 |2 47 |55 |9 8.2 77 | 175 |23 185 | 375 | 425 46
p(ﬂ'l) : Priori Probability of 777 @ For a Given Vector ® Using Orthogonal Transformation © Jackknife Method
TABLE 1.4: INCEASING ORDER OF CORRELATIONS IN X MATRIX
WHEN THE PARAMETERS ARE NOT SPECIFIED
71 :N1g(0,2) ; 7 : Nyg (2, %) Size of First Sample: 10 ; Size of Second Sample: 20
p(r1) wo (3.01" (2.5)17 (2.01" (1.5)2" (1.01" (0.5)1"
o (2] (3] o 2] (3] (1] (2] (3] o 2] (3] (1] 2} (3] o 2] e
0.1 B 0.0 31.7 | 50.0 0.0 18.7 | 50.0 0.2 245 | 49.7 0.5 28.7 | 50.0 5.7 29.2 | 49.2 | 29.0 | 35,5 | 48.2
D 0.7 0.2 10.7 3.0 0.0 14.5 6.2 2.0 20.2 | 155 4.0 29.2 | 25.0 | 11.7 | 38,5 | 36.0 | 35.7 | 47.0
0.2 B 0.0 19.7 | 485 | 0.0 | 21.7 | 480 | 0.0 | 250 | 457 | 05 | 28.7 | 440 | 7.0 | 31.0 | 40.5 | 26,5 | 42.2 | 45.0
D 1.5 0.2 9.0 2.7 1.7 12.5 5.5 2.2 185 | 11.5 7.0 225 | 19.2 | 17.7 | 30.5 | 46.0 | 375 | 46.0
0.3 B 0.0 27.5 | 34.2 0.0 19.0 | 31.7 0.2 20.7 | 35.2 1.0 29.2 | 31.2 7.2 31.2 | 33.7 | 22.2 | 42.0 | 355
D 1.0 0.2 7.5 1.7 0.7 13.2 6.0 3.5 16.2 | 10.7 5.7 205 | 23.0 | 11.7 | 25.2 | 37.5 | 25.2 | 40.5
0.4 B 0.0 28.5 | 16.0 0.0 26.7 | 15.7 0.2 25.5 | 16.5 1.0 25.7 | 235 6.0 38.2 | 21.0 | 20.5 | 37.7 | 30.7
D 1.2 1.2 8.5 0.5 1.2 8.5 4.2 2.0 125 | 17.5 8.2 22.2 | 185 | 11.2 | 24.7 | 35,5 | 285 | 34.2
0.5 B 0.0 | 345 2.5 05 | 337 | 3.0 0.2 | 285 6.0 17 | 285 | 10.2 | 6.2 | 345 | 13.5 | 245 | 440 | 26.0
D 0.7 0.5 9.5 2.7 2.2 11.2 3.7 6.2 13.0 | 15.7 4.5 20.0 | 19.7 | 13.0 | 24.0 | 37.2 | 26.5 | 35.0
0.6 B 0.0 27.0 0.0 0.0 27.2 1.5 0.0 27.0 1.7 0.2 26.2 3.5 3.7 28.2 6.2 19.5 | 35.2 | 19.0
D 0.5 0.0 8.0 3.0 2.0 9.0 5.7 4.7 115 | 12.7 | 5.0 145 | 19.2 | 11.7 | 23.0 | 33.0 | 27.7 | 33.0
0.7 B 0.0 | 26.2 | 0.0 0.0 | 302 | 0.0 0.2 | 285 | 0.2 1.0 | 30.0 | 2.0 52 | 327 | 52 | 21.0 | 41.0 | 225
D 0.2 0.5 7.7 2.7 1.0 7.5 4.2 2.7 12.0 9.7 7.2 11.7 | 21.5 | 15.7 | 21.7 | 38.2 | 29.7 | 35.7
0.8 B 0.0 | 352 | 0.0 0.0 | 312 | 0.0 0.2 | 32.0 1.2 0.2 | 332 | 3.0 6.5 | 29.2 | 150 | 20.2 | 41.0 | 295
D 0.5 2.0 6.0 2.5 0.7 9.5 4.2 7.0 9.2 115 | 85 11.0 | 25.0 | 185 | 23.5 | 340 | 38.7 | 37.2
0.9 B 0.0 32.0 8.5 0.0 38.7 8.0 0.0 29.7 | 15.0 0.7 37.2 | 21.0 8.5 36.2 | 30.5 | 27.2 | 40.0 | 40.2
D 1.2 0.5 6.2 2.5 3.0 4.5 4.0 4.0 6.5 9.7 16.2 | 11.7 | 245 | 22.2 | 25.2 | 37.2 | 41.7 | 45.7
B: Bayes Classifier; D: Distance Classifier
p(ﬂ'l) : Priori Probability of 777 @ For a Given Vector @ Using Orthogonal Transformation @ Jackknife Method
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Note: The typical tables of TPM values are included here to save the space, and the
exhaustive tables are available with the authors.
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