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INTRODUCTION

K. Menger [9] introduced the notion of probabilistic metric space, which is a generalization of the metric space.
The study of this space was done mainly with the pioneering works of Schweizer and Sklar [15, 16] and many
of their co-workers. Such a probabilistic generalization of metric spaces appears to be well adapted for the
investigation of physiological thresholds and physical quantities. It has importance in probabilistic functional
analysis, nonlinear analysis and applications (see [3], [4], [5], [10], [11], [14], [19]). In 1972, Sehgal and
Bharucha-Reid[17] initiated the study of contraction maps in probabilistic metric spaces (shortly, PM-spaces)
which is an important step in the development of fixed point theorems.

The study of fixed point theorems, involving four self maps, began with the assumption that all of the maps are
commuted. Sessa [13] weakened the condition of commutativity to that of pairwise weakly commuting.
Jungck generalized the notion of weak commutativity to that of pairwise compatible [6] and then pairwise

226

Vol.2.Issue.2.2014



PRIYANKA NIGAM et al Bull.Math.&Stat.Res.

weakly compatible maps [7]. Jungck and Rhoades [8] introduced the concept of occasionally weakly
compatible maps.

Abbas and Rhoades [1] generalized the concept of weak compatibility in the setting of single and multi-valued
maps by introducing the notion of occasionally weakly compatible (owc).Also Abbas and Rhoades [2] extended

-

the idea of owc maps to hybrid pairs of single-valued and multi-valued maps using a symmetric “ derived from
an ordinary symmetric d.

) . . . owce .
We prove some common fixed point theorems for single-valued and multi-valued maps in Menger space.

Preliminary Notes

Definition 2.1[18]

A binary operation =: [0,1]:[0,1] —= [0,1] is a continuous t — norm if * is satisfying conditions:
(i) = s commutative and associative;
(ii) = s continuous;
(iii) ax*l=aforallas [0,1];

(iv) o bh=csdwhenever g =cand b =dand a, b,c,d[0,1].

Definition 2.2 [18] A mapping F: R = R is called a distribution function if it is non decreasing and left
continuous with Inf{F(t):t ER} =0 and sup{F(t):tER} =1.

We shall denote by -3 the set of all distribution functions defined on [—co, o2] while H(t) will always denote
the specific distribution function defined by

0,  ift=0

1, ift=1.

If X is a non-empty set, F:X ® X — 3 is called a probabilistic distance on X and the value of F at
(x,v) € X x X isrepresented by F.. . .

H(t) = {

Definition 2.3[18] A PM-space is an ordered pair (X,F), where X is a nonempty set of elements and F is a
probabilistic distance satisfying the following conditions: for all x, ¥, z € X andt, 5 = 0,
(1) Fyp (t) =H(t)forallt = Oifand onlyifx = v,
(2) P.'{.;- :t:' = P;-..'{ :::t:l.l
(3) ifF () =1&F, (t)=1 thenFy(t+5s) =1
The ordered triple (X, F,+) is called a Menger space if (X, F) is a PM-space * is a t-norm and the following
ineql_,_lality holds: _ _
P.'{.;-' L+ 5:' = ¥ ::P:{.z ::.t:l.l Pz.;- :t:':'
forallx, v,z € X andf, 5 = 0.
Throughout this paper, CB(X) will denote the family of all non-empty closed and bounded subsets of a Menger
space (X, F,#). Forall 4,8 € CE{X) and for every t = 0, we define
pFug(t) = sup {F,,(t); a € 4,b € B}
and _ _
B 5(t) =inf{F,,(t); a€ A,b €BL.

If set A consists of a single point a, we write

iy i
sEaplt) = zF5lt).
If set B consists of a single point b, we write
£ £
sFaplt) = gFill).

It follows immediately from the definition that sFs5(t) = 1 for all £ = 0 if and only if A=B= {a} for some

a X,
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Lemma 2.4[12] If a Menger space (X, F,#) satisfies the condition Fy,(t) = C forallt= 0 with fixed

%, vEX Thenwehave C = land x = v.

Definition 2.5[1] Maps [: X — X and T: X — CE(X) are said to be weakly compatible if they commute at
their coincidence points, thatis fx £ Tx for somex € X then fTx = Tfx.
Definition 2.6[1] Maps [: X — X and T: X — CE{X) are said to be occasionally weakly compatible (owc) if
and only if there exist some point X in X such that fx € Tx and fTx S Tfx.
Example 2.7 Let (X, F,#) be a Menger space, where ¥ = [0, o) and

t
t+x—yl’
0, ift=10.
let A:X = X &B: X — CB{X) be single valued and set-valued maps defined by
ad, ifx=10; 1o, ifx=0;
x?, if x €(0,00). {3z}, if x £ (0, 0).
Here, 0 and 3 are two coincidence points of A and B. That
is A0 = {0} € B(0), A(3) ={9} € B(3), but AB(0) = {0} = BA(0), AB(3) = BA(3). Thus A and

B are owc but not weakly compatible.

. ift = 0;
F.‘{.;-' it =

Alx) = { B(X) = {

Main Results

Theorem 2.1 Let (X, F,=) be a menger space. Let 4,5 : X = X and 5, T: X — CE{X) such that the pairs
{4,518 {B,T} are owc. If

sFeery(t) 2 min{Fy 5, (), sFavse () aFsprylt),  sFaery(t),  sFsys.(t)} (2.1)
forall x, ¥y € X &1 > 0. Then4,5,5 &T have a unique common fixed point.

Proof. Since the pairs {4,5} & {E,T} are owc, therefore, there exist two elements 14,1 € X such that

Au e S, ASu S S4u agnd BEv e Ty, BTy S TEw

First we prove that At = B,

As Au € SusoAAuC ASuC SAu, Br € Trvso B68vC BTv © TEv and hence

Faiyzelt) = sFsaursst) and if Au=Bv then sFsaureelt) < 1. Using (2.1) for

¥x=Au &y = Bn

sFsauree(t) = min{Fazy g2 (t),  sFarusan(t),  sFsurse(t),  sFarurse(t),  sF5%5a0(t)}

=min{ sFaurs.(t), L1, sFsaurss(t), sFrsusan(t))
= #Fcautse(t), a contradiction.

Hence Au = Br.

Also,
oy - a0
Firuplt) 2 sFogurall)
ey - £
Fayrult) = sFeaurull).

Now we claim that AL = 1L, If not, then  §F54y o lE) < 1,
Considering (2.1) for Au = x, v =u
& FSA::.T::::.E.'_:' = min {FA:::. u ::.t:'i EFA:::.SA:: ::.t:'i EFE::.T:: ::_1';:11 EFﬂzu.Tu ::.t:'J & FS::.SA:; :E}}

=min{ sFaure(0, 11, sFsaura(t),  sFrusauit)}

i . . . . . A
= sFauru't), whichis again a contradiction and hence Al = 1L
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Similarly, we can get 51" = 1.
Thus 4, 5,5 & T have a common fixed point.
For uniqueness let 1t = 1’ be another fixed point of4, 5,5 & T, then (2.1) gives
5F5::.T::" :E:' = min {FAME;M :::t:l.l .5F,-’L::.5:: ::t:'i .:?FE.‘::".T::" :::t:'i 5FA::.T::" :::t:'i 5F5“::".5:; :E}}
= min {FSMTM :::t:l.l L L .::FS::.T::" ::t:'J 5FT::".5:; :E}}
= sFs.7.(t), a contradiction.
Hence Su =Tu'.i.e., u=u'
Thus, 4, 5,5 & T have a unique common fixed point.
Theorem 2.2 Let (X, F,#) be a menger space. Let 4,5 : X = X and 5, T: X — CE{X) such that the pairs
{A,5}&{E. T} are owc. If

27 e

o - . ™ LR
& FS.r.]"_‘.' L) = min {FA_:L'.S_'.' ), sfaes<\t) 3 F.S‘_‘.' Tyl

L)

forall x, v EX &t = 0.Then A, 5,5 & T have a unique common fixed point.

Proof. Since the pairs {4,5} & {E,T} are owc, therefore, there exist two elements 14, 1" € X such that
Au e S, ASu S S4u agnd BEv e Ty, BTy S TEw
First we prove that A1t = B,
As Au € SusoAAuC ASuC SAu, Br € Trvso B6vC BTv © TEv and hence
Fyz ;;,551__1::t:' = f:FEA:,:.TE‘.-‘::t} and if Au=Bv then ,::Fg,q;h-,}'s-_:::t:' = 1 Using (2.2) for
x=Au &y = FBn
5 Fsaurse(t)
sFaryrset) + 5Fgmy54, (1)
2

PR

- . I P P
= min {FA::.:.S: AL gFarusantl),  sFsreresit),

[N - I R T R - 1 iy
GESAwTEv\E .'.l"]Eir'.‘lﬁi.l.L"-}

- . PR
= min { G-_&A:J.TE‘.-‘ O lJ l, -

= #Fcau7s:(t), a contradiction.
Hence Al = B,
Also, Faryupu(t) = 5Fsaury(t)
Fazury :E:' = sfsautu :E:'
Now we claim that A1 = 1. If not, then  5Fsayry () < 1.
Considering (2.2) for Au=x,v=1u
o gFarury )+ 5Fausan(t)

et - . P2 (7 It
sFsauTul) = min {FA:;;. M) sFarycanit),  sFpuruit) -
. P T o U o L = A
p . e 65 S uTuNe T
= m”l{ EFSA::.T::'--UJ lJlJ 2 }

= 5Fs4.7.(t), which is again a contradiction and hence A1t = 1.
Similarly, we can get Bv = v.
Thus A, 5,5 & T have a common fixed point.

For uniqueness let 1t = 1t be another fixed point of4, B, 5 & T, then (2.2) gives
sFaury’ ::.t:' +  #Fpu' s ::_t:'

Fath - . e i ’ s
§Fsuryf ) = min {FA:.E-“:;' ), glausult),  sFu/ o'\, 2
L e e E S S Qi -
. . P or SuTu o T u S
=min{Fs, 7./, 1,1, - }

I+ ..
= zFsy, '), a contradiction.
Hence Su = Tu'.i.e.,u = u',

Thus, 4, 5,5 & T have a unique common fixed point.
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Corollary 2.3 Let (X, F,=) be a menger space. Let 4,5 : ¥ = X and 5, T: X — CE{X) such that the pairs
{4,518 {B,T} are owc. If

yieh (2.3)

& FE_r.]"_'.' :E:' = min {FA_:LE“ :::t:l.l
forall x,vy €EX &t = 0.Then A, 5,5 &T have a unique common fixed point.

Proof. Condition (2.3) is special case of (2.2), therefore result follows from Theorem 2.2.

Corollary 2.4 Let (X, F,#) be a menger space. Let 4,5 : ¥ = X and 5, T: ¥ — CE{X) such that the pairs
{A,51&{B,T}areowc. If

g h e

. a0 2y
5F5ry ¥ E = himin {FA.:::..S‘_'.' ), glawstt) 5 F.S‘_‘.' Ty ilh

¥ _-,;;'._._"} (24)

forall x,y EX,h €[0,1) & t = 0.Then 4, B,5 & T have a unique common fixed point.
Proof. Since (2.4) is a special case of (2.2), the result follows immediately from Theorem 2.2.

Theorem 2.5 Let (X, F,=) be a menger space. Let 4,5 : X = X and 5, T: X — CE{X) such that the pairs
[A,5]& {Ei' T} are owc. If

§FsxTylt) = aFgy 5y (1) + I-'Hm Faxsy(t)  sFaxsx(th 5?—1._.—1.-2_'tfl}+;'r:1in [Fawsy(t)  sFarrylt).  zFsys5(t)3(2.5)

for all x, vVEX &t = 0,wherea, f,y = 0and la+ 8+ v)=1. Then A, BE,.S&T have a unique

common fixed point.

Proof. Since the pairs {4,5} & {E,T} are owc, therefore, there exist two elements 14,1 € X such that
Auc Su, ASucS 54u agnd Bv E Ty, ETv € TEw.
First we prove that A1 = B,
As A E Suso AAuC ASuC SAu, Br e Trvso BBv < BTv © TEv and hence
Fiygielt) 2 sFeaurselt) and if Au=Bv  then  sFosurself) < 1. Using (2.5) for
x=Au &y = FBn

sFsanrse(t) = oF gz 52, (t) + Bmin{Fazy 52, (8),  sFarusan(t),  sFsmur50(t)]

+ymin{Fary g2, (t),  sFaruraslt)  sFsrpsau(t)}
= ::'5-" +5+ ]’:‘ 5FcaurBe :::1'7:', a contradiction as ::G." +5+ ]’:l =1

Hence Au = Bv.
Also, Firupu(t) = 5Fcaury(t)
Fazyru(t) = 5Fcaura(t).
Now we claim that A1t = 1t If not, then  sFsay s lt) < 1,
Considering (2 5)fordu=xv=u

sFsaura(t) = aF g3y 5, (8) + Bmin{Faz, 5, (8),  sFarusau(t)  sFpura(t)]

+ ymin {FA"'. ::'EJ'J EFA:::.Tu:::t}J §Fpusay :E}}

=@+ +7¥) sFeaura(t), whichis again a contradiction as (@ + § +¥) = 1and
hence Al = 1.
Similarly, we can get Bt = v.
Thus 4, 8,5 & T have a common fixed point.
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Uniqueness follows from (2.5).
Theorem 2.6 Let (X,F,#) be a menger space witht #t =t forallt € [0,1]. Let 4,5: X =X and
5,T:X — CE(X) such that the pairs {4, 5} & {E, T} are owc. If

!

sFeery(t) = min {Fy 5, (), sFaese (), sFaprylt),  sFaerylot) s sFpyc.((2—a)t)}
(2.6)

forall x, v EX &t = 0, € (0,2). Then 4,5, 5 &T have a unique common fixed point.

Proof. Since the pairs {4,5} & {E,T} are owc, therefore, there exist two elements 14,1 € X such that
Auc Su,ASucS 54u and Bv E Ty, ETv € TEw.
First we prove that A1t = B,
As AU E SusoAAuC ASu C SAu, Bv € Trvso BBv € BTv © TEv and hence
Fiygielt) = sFeaurselt) and if Au=Bv  then  sFosurself) < 1. Using (2.6) for
x=Au &y = FBn

§Fsaurse(t) = min {Fazy g2, (8),  sFarusault),  §Fsmurse(t),  sFamurs.(at)

*  gFgoy04.((2 — a)t)}

Since * is continuous, letting & — 1 we get

=2min{ sFaurse(t) 11, sFoaurse(t) s  sFropsanlt)}
= #Fsaurs.(t), a contradiction.
Hence A1 = B,
Also, Firupu(t) = 5Fsaury(t)
Fazyru(t) = 5Fsaury(t).
Now we claim that A1 = 1. If not, then  §Fequ 7o i) < 1,
Considering (2.6) forAu=x, vy =uw, =1
sFsauret) = min{Faz, 5. (8), sFazusanlt), sFouru(t), sFazurult) s sFpuca,(t)}

=min{ sFauru(t)h Ll sFaure(t)*  sFrysau(t)}

= 5Fs4.74(t), which is again a contradiction and hence A1t = 1.
Similarly, we can get 57 = 1.
Thus 4, 8,5 & T have a common fixed point.
For uniqueness let 1t = 1’ be another fixed point of4, 5,5 & T, then (2.6) gives

§Fsury' () = min {Fauz./(£),  sFausu(t), sFsuru’(t),  sFaury(ot)

¥ gFpy 5, ((2— a)t)}

Letting or — 1,
=min{Fer, (£, 11, gFsury/{t)*  sFrys.(t))
= 5Fsur.'(t), a contradiction.

Hence Su =Tu'.i.e., u =1u'
Thus, 4, 5,5 & T have a unique common fixed point.
Corollary 2.7 Let {X,F,=) be a menger space witht =t =t forallt € [0,1]. Let A, B: X =X and
5,T:X — CB(X) such that the pairs {4, 5} & {E, T} are owc. If

(51

- o - . ,, - e
Foyrp\t) zmin {Fyy 5yt sEp splat) = gFayrp W2 —alth Ry rp (Bt s gFay 5, M2 — B1813(2.7)

forall x, v EX &t = 0,0, § €(0,2). Then A, 5,5 & T have a unique common fixed point.
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Corollary 2.8 Let {X,F,#)be a menger space witht =t =t forallt £[0,1]. Let A:X = X and
5:X — CE(X) such that the pairs {4, 5} is owc. If

' R - sl S T
pophtl = 2Py o (2 — a)t)}

forall x, v EX &t = 0,r, f €(0,2). Then 4 & 5 have a unique common fixed point.

Corollary 2.9 Let {X,F,#)be a menger space witht =t =t forallt £[0,1]. Let A:X =X and
5, T:X — CB(X) such that the pairs {4, 5} is owc. If
sFeery(t) = min {Fy a0 (8),  sFaese () sFapry(t),  sFaerylot) v sFac (2 —a)t)}29

)

forall x, v EX &t = 0,& € (0,2). Then 4,5 & T have a unique common fixed point.
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