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ABSTRACT 

In this article, we study some sufficient conditions for the controllability 

results of nonlocal quasilinear mixed integro-differential impulsive systems 

with Sobolev type in Banach space. The results are obtained by using 

Schaefer’s fixed point theorem.  
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INTRODUCTION 

A large class of scientific and engineering problems is modelled by partial differential equations, 

integral equations or coupled ordinary and partial differential equations which can be described as differential 

equations in infinite dimensional spaces using semigroups. In general functional differential equations or 

evolution equations serve as an abstract formulation of many partial integrodifferential equations which arise 

in problems connected with heat-flow of materials with memory and many other physical phenomena. Neutral 

differential equations arise in many areas of applied mathematics and for this reason these equations received 

much attention during the last few decades [kban1, kban2, H5]. 

The notion of a measure of weak compactness was introduced by De Blasi [DB] and was subsequently 

used in numerous branches of functional analysis and the theory of differential and integral equations. Several 

authors have studied the measures of noncompactness in Banach spaces [ban2, ban1, ABA, BE]. Motivated by 
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[DL, BG], in this paper, we study the existence results for quasilinear equation represented by first-order 

neutral integrodifferential equations using the semigroup theory and the measure of noncompactness. 

Controllability of linear and nonlinear systems represented by ordinary differential equations in finite-

dimensional spaces has been extensively investigated. The problem of controllability of linear systems 

represented by differential equations in Banach spaces has been extensively studied by several authors [c2]. 

Several papers have appeared on finite dimensional controllability of linear systems [K1] and infinite 

dimensional systems in abstract spaces [c1]. Of late the controllability of nonlinear systems in finite-

dimensional spaces is studied by means of fixed point principles [B1]. Several authors have extended the 

concept of controllability to infinite-dimensional spaces by applying semigroup theory [p1, y1]. Controllability 

of nonlinear systems with different types of nonlinearity has been studied by many authors with the help of 

fixed point principles [B2]. Naito [Na3] discussed the controllability of nonlinear Volterra integrodifferential 

systems. 

PRELIMINARIES 

Consider the class of Sobolev-type quasilinear neutral functional integrodifferential system with nonlocal 

conditions of the form 

[ ] ++=− )()())(,())(,()( tButxtxtAtxtgtEx
dt

d
                                                                 (1) 

                                          )))(,,(,))(,,(),(,(
00

dssxsthdssxstktxtF
at

∫∫     
[ ]bt ,0∈

 

                   0)()0( xxqx =+
                                                                                                                         (2) 

Where the state variable )(⋅x takes values in a separable banch space X with norm ⋅ and the control 

function 
⋅

()u is given in ),(2
UIL . A banach space of admissible control functions with U  

As a banach space the interval [ ]bI ,0= . E and B is a bounded linear operator from U into U and 

[ ] XXbA →×,0: is a continous function in banach spaceU .the function 

XXICqXCIIhXCIIkXXXCIfXCIg →→××→××→×××→× ),(:,:,:,:,: are 

given functions .The norm of U is denoted by ⋅  

Definition 2.1: A family of operators{ } )(0:),( XLbtsstU ⊂≤≤≤ is called a evolution family of operators 

for(3) if  the following properties hold: 

(a) 
,),(),(),(),( xxttandUTtUTsUstU ==
for every XallxtTs ∈≤≤ &  

(b)for each Xx∈ ,the function for xstUst ),(),( →  is continuous and )(),( XLstU ∈   

forevery st ≥ and 

(c) for bts ≤≤≤0 ,the function forstUt ),,(→ ( ] ),(, XLts ∈ is differentiable with 

),()(),( stUtAstU
t

=
∂

∂

 

Definition 2.2:[22]system(1)-(2)is said to be controllable on the interval J ,if for every intial functions 

Xx ∈0 and 
Xx ∈1 ,there exit a control ),(2

UJLu ∈ such that the solution )(⋅x of (1)-(2) 

satisfies 0)0( xx = and 1)( xbx =  

Definition 2.3: A solution ( ) [ ]( )XbCx ,,0∈⋅ is said to be mild solution of (1)-(2), then the following integral 

equation satisfied 

( ) [ ] ),(),0()()0,(
1
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1

txtgExgxEqExtUEtx
−− +−−=

 

It ∈  
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We need the following fixed point theorem due to Schaefer [22] 

Theorem: Let E be a normed linear space .Let EEF →: be a completely continuous operator ,that is it is 

continuous and the image of any bounded set is contained in a compact set and let 

FxxExF λς =∈= :{)( for some }10 << λ  

Then either )(Fς is unbounded or F has a fixed point 

To study the controllability problem ,We assume the following hypotheses: 

 

(H1) 
)(tA

generates a strongly continuous semigroup of a family of evolution operators ),( stU and                 

              there exist constants 
01 >M

such that 

btsforMstU ≤≤≤≤ 0),( 1  

(H2)  There exits a positive constant bb << 00 and ,for each 00 bt << ,there is compact set 

XV ⊂1 suchthat

allVsBustUxsgsxsAstUdTxTshdTxTskxsfstU ts

a

T

s

Ts &)(),(),,())(,(),(),),,(,),,(,,(),(
00

∈∫∫
00 bst ≤≤≤

 

 (H3) The linear operator XUILW →),(: 2
defined by 

                                                                  
∫=

b

u dssCusbUW
0

)(),(
 

Has an inverse operator 
1−W which takes values in WUIL ker/),(2

and there exists a positive 

constant 2M such that 2

1 MCW ≤−
 

(H4)   (i) the function 
XXIg →×:

is continuous for a.e It ∈ and there exists a positive constant   

                    0,0 >> gg LM such that  

tgt xMstg ≤),(
 

                           And  

gLxg ≤),0( 0  

           (ii)also there exists a constant 0>AM such that  

     tAt xMxtgtxtA ≤),())(,(
. 

                   Holds for It ∈  

(H5)  (i)  for each It ∈ , the function XCstk →⋅ :),,( is continuous and ,for each Cx ∈ the function     

                   
XIxk →:)(.,.,

is strongly measurable 

         (ii) there exists an integrable function 
[ )∞→ ,0: IM k such that  

)(),(),,( 1 xstMxstk k Ω≤
 

Holds for It ∈ , Cx ∈ Where :1Ω [ ) [ )∞→∞ ,0,0: .is continuous non decreasing function 

(H6)    (i)   for each It ∈ ,the function 
XCsth →⋅ :),,(

is continuous and ,for each Cx ∈ , 

                         The function 
XIxh →:)(.,.,

is strongly measurable  

           (ii) there exists an integrable function [ )∞→ ,0: IM h such that  

)(),(),,( 2 xstMxsth h Ω≤
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                  Holds for It ∈ , Cx ∈ Where :2Ω [ ) [ )∞→∞ ,0,0: .is continuous non decreasing function 

(H7) the function 
XXXCIf →×××:

satisfies the caratheodary conditions 

(i) for each It ∈ ,the function XXXCtf →××⋅ :),.,.,( is continuous and ,for 

XXCzyx ××∈),,(  The function 
XIzyxf →:),,(.,

is strongly measurable  

           (ii) there exists an integrable function [ )∞→ ,0: IM f
such that  

)()(),,,( 3 zyxtMzyxtf f ++Ω≤
  

                   Holds for It ∈ , Cx ∈ and Xzy ∈,  Where 3Ω [ ) [ )∞→∞ ,0,0: .is continuous non de        

                  creasing function 

(H8)    the function XXICq →),(:   is continous and there exists a constant 
0≥qM

such that 

XforxMxq q ∈≤)(
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CONTROLLABILITY RESULT  

Theorem 3.1 If the hypotheses [H1] - [H9] are satisfiedd, then the system (1) - (2) is controllable on I  

Proof.    Using the hypothese [H3] for an arbitrary function define the control 

)]()),,(,),,(,,(),(),())(,(),(

),()],0()()[0,([)(

0 0 00

11

1
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b
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−−
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(3) 

If [ ],,0),()()( btttytx ∈+= φ
)

it is easy to see that y satisfied 

),()]()[0,()(
1

0

1

ttytgExEqExbUEty φ
)

++−= −−

 

           
∫ ++− −−

t

ss dsysgsxsAstUEgtUE
0

1

0

1
),())(,(),(),0()0,( φφ

))

 

          
∫ +−−−−+ −−−−

t

bbybgEgxEqExbUExCWtUE
0

1

00

1

1

11 ),()],0()()[0,([),( φφη
))

         

ηητφττφτφφ ττττ ddsdyshdyskysfsbUEdsysgsxsAsbUE
b b as

ssss )]()),,(,),,(,,(),(),())(,(),(
0 0 00

11

∫ ∫ ∫∫ +++−+− −−
))))

ItdsdyshdyskysfstUE
t as

ss ∈++++ ∫ ∫∫
−

,)),,(,),,(,,(),(
0 00

1 τφττφτφ ττττ

)))

 

If and only if x satisfies 
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Define }0:{ 0

0 =∈= yCyC bb and we now show that when using the control , the operator 
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has a  fixed 

point. This  fixed point point is then a solution of equation (5): 

Clearly  1x = x(b)  which means that the control u   steers the system (1) - (2) from the intial functionφ  to x1 

in time b, provided we can obtain a fixed point of the nonlinear operator  F. 

In order to study the controllability  problem of  (1) - (2)we introduce a parameter ( )0,1∈λ
 

And consider the following system 
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We have  
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This inequality  that there is a priori bound 0>r such that 
rtw ≤)(

and hence 
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Since 
Itrtx ∈≤ ,)(

, we have  

{ } rbtptxx <≤≤−= :)(sup
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 Now by assumption (H2), the set { }kBytyFtY ∈= :))(()( εε   is pre compactin X for e t<< ε0  

More over for every kBy ∈ we have  
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Thus F is continuous .this completes the proof that F is completely continuous  

      Finally the set ( ){ }1,0,:)(
0 ∈=∈= λλζ FyyCyF b  is bounded .since for every solution y in )(Fζ , 

the function φ+= yx  is a mild solution of (5)-(6) for which we have proved that rx ≤
1

and hence    

φ
)

+≤ ry
1   

Consequently, by Schaefer’s theorem , the operator F has a fixed point in 
bC0 .This means that any fixed 

point of F is a mild solution of (1)-(2) on I satisfying )())(( txtFx = .Thus the system (1)-(2) is controllable 

on I  

 

SOBOLEV TYPE QUASILINEAR NEUTRAL IMPULSIVE SYSTEMS 

 

However, one may easily visualize that  abrupt changes such as shock, harvesting and disasters may occur in 

nature. These phenomena are short time perturbations whose durationis negligible in comparison with the 

duration of the whole evolution process. Consequently,it is natural to assume, in modeling these problems, 

that these perturbations act instantaneously, that is in the form of impulses. The theory of impulsive 

differential equation [14, 15, 16] is much richer than the corresponding theory of differential equations 

without impulsive effects. The impulsive condition 

 

,,........2,1)),(()()()( mituItututu iitii ==−=∆ −−+

 

 

is a combination of traditional initial value problems and short-term perturbations whose duration is negligible 

in comparison with the duration of the process. Liu [17] discussed the iterative methods for the solution of 

impulsive functional differential systems.   Consider the class of sobolev-type quasilinear neutral functional 

impulsive integro differential system with nonlocal conditions of the form 
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Where the state variable )(⋅x takes values in a separable banach space X with norm ⋅ and the control 

function 
⋅

()u is given in ),(
2

UIL . A banach space of admissible control functions with U  

As a banach space the interval
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given functions and XXI k →: are appropriate functions and the symbol )( ktx∆ represents the jump of 

the function ,tu → which is defined by )()()( −+ −=∆ kkk txtxtx  .The norm of X is denoted by ⋅  the 

solution of the (7)-(9) equation is given by 
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In order to prove the main result we shall assume some additional hypothesis: 
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Theorem 4.1 
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If the hypotheses [H1] - [H8], [H10] - [H11] are satisfiedd, then the system (7) - (9) is controllable on I  

Proof.    Using the hypothese [H3] for an arbitrary function
(.)x

 define the control 
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If and only if x satisfies 
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Define }0:{ 0

0 =∈= yCyC bb and we now show that when using the control , the operator 
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         has a  fixed point. 

 

Clearly  1x = x(b)  which means that the control u   steers the system (7) - (9) from the intial functionφ  to x1 

in time b, provided we can obtain a fixed point of the nonlinear operator  F
*
. 
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