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ABSTRACT

ISSN:2 guaso A labeled graph G which can be gracefully numbered is said to be graceful.

Labeling the nodes of G with distinct nonnegative integers and then labeling
the e edges of G with the absolute differences between node values, if the
graph edge numbers run from 1 to e, the graph G is gracefully numbered. In
this paper, we have discussed the gracefulness of some the graphs formed
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INTRODUCTION
Labeled graphs form useful models for a wide range of applications such as coding theory, X-ray

crystallography, radar, astronomy, circuit design, communication network addressing and database
management. An graceful labeling f of a graph G with q edges is an injective function from the vertices of G to
the set {0,1,2,...,q} such that when each edge xy is assigned the label |[f(x)-f(y)| , the resulting edge labels are
distinct and nonzero. The concept above was put forward by Rosa in 1967. Graphs consisting of any number of
pairwise disjoint paths with common end vertices are called generalized theta graphs. Various labelings have
been found for these graphs.

In this paper, some new classes of graphs have been constructed by combining some subdivisions of
theta graphs with the star graphs St(n), (n = 1). Only finite simple undirected graphs are considered here. Our
notations and terminology are as in [1]. We refer to [2] for some basic concepts.

SOME RESULTS ON THE GRACEFULNESS OF EXTENDED SQUID GRAPHS

Definition 2.1 The theta graph 0 (2, 2, ... ,2) consists of n edge disjoint paths of lengths two having the same
end points. Let the theta graph 6 (2, 2,...,2) have the paths P;: a,v;,b; Py:a, vy, b; P3:a, v, b;...; Poia, v, b;.
Definition 2.2 Attach the center of a star graph St(/) to the end point ‘@’ of the theta graph 6 (2, 2,...,2) to
form the squid graph Sq(/, n ).This graph has (2 +n + /) vertices and (2n + /) edges.
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Definition 2.3 Attach the center of a star graph St(m) to the end point ‘b’ of the theta graph 6 (2, 2,...,2) in
the squid graph Sq(/, n) to form the extended squid graph Sqt(/,n,m). This graph has (2+n+/+m) vertices and
(2n+/+m) edges.

Definition 2.4 Let A be any graph and B be any tree graph. A;0 B denotes the new graph formed by attaching a
center vertex of B to a vertex v; of A.

Theorem 2.5 Sqt(/, n, m) is graceful, for /=(n-1),odd m,odd nand/, n21.

Proof. Consider the theta graph 0 (2,2,...,2) with end vertices a and b and inner vertices v4,v,,...,v, . Let St(/) be
a star graph with (/ + 1) vertices h,hy,h,,...,h; for 1> 1, where h is the center vertex and hy,h,,...,h;, are pendant
vertices. Let St(m) be a star graph with  (m +1) vertices t,ty,t,,...,t; for s > 1,where t is the center vertex and
ty,1,,...,ts are pendant vertices. To form the graph G = Sqt (/,n,m) attach the center vertex h of St(/) with the end
vertex ‘a’ of 0 (2,2,...,2) and join the center vertex t of St(m) with the end vertex ‘b’ of 6 (2,2,...,2). Ghas (n + 2
+/+ m) vertices and (2n + / + m ) edges.

The vertex set V(G) ={a, v, b, h;, t;/i1=1,2,..,n,]=1,2,.., land t = 1,2,...,m}. The edge set E(G) ={av; /i
=1,2,.,n}U{vib/i=12,..,nfHha/j=1,2,.., } Utb/s=1.2,.m}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT whereA = {f(a), f(b)}, B={f(v)) /i=1,2,..,n}, H=
{f(h) /i=1,2,.., 1, T={f(t) / s = 1,2,.., m}. The edge label set of G can be written as N;'UN,JLIJO where N; =
{glavy) /i=1,2,..,n}, N, ={g(vib) /i=1,2,..,n}, L={g(hia) /j = 1,2,..., I}, O ={g(tb)/s=1,2,.., m}.

Letl=(n—1). Let mand n be odd. Let n =(2p + 1), m = (2q + 1) where p and q are positive integers
and p >0, g >0. Therefore /=(2p).

Let the labeling f on the vertices of G be defined by f(v;) = (i-1) for 1<i < (2p+1), f(h;) = (4p + 2q +j ) for
1<j<(2p), f(ts) = (2p +s) for 1< s < (2q + 1), f(a) = (6p+2q+3), f(b) = (4p + 2q + 2).

The induced labeling g on the edges of G is defined by g(av; ) = (6p +2g+4 —i)for1<i<(2p + 1), g(v;
b)=(4p+2q+3—i)forl<i<(2p+1),glhja)=(2p+1—j)for1<j<2p,g(tb)=(2p+2q+2—-s)forl<s<(2q
+1).

The vertex labels of G can be arranged in the following order. A = {(4p + 2q + 2), (6p + 29 + 3)}, B =
{0,1,...,(2p)}, H={(4p + 2g + 3),..., (Bp + 2g + 2)}, T={(2p + 1), (2p + 2),..., (2p + 2g+1)}. The set of vertex labels
of Gis AUBUHUT={0,1,2, ..., (2p), (2p+1),..., 2p+2q+1), (4p+2q+2), (4p+2q + 3),..., (6p + 2 + 2), (6p +
2q+3 )}k

The edge labels of G can be arranged in the following order. N; = {(4p+2q+ 2),..., (6p + 29 + 3 )}, N, = {
(2p+29+2),.,(8p+2g+2))}, L ={1,2,....2p}, O ={(2p + 1), (2p + 2),..., (2p + 29 + 1)}. The set of edge
labelsof Gis N, UN,ULWO ={1,2,3,..,(6p+2qg+3)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G =
Sqt(/, n, m) is graceful, for /=(n—-1),0dd m,odd n and/, n>1.

Theorem 2.6 Sqt(/,n, m) is graceful, for /I=(n-1),even m,evennand /,n22.

Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices vy, vy,...,V, . Let St(/)
be a star graph with (/ +1) vertices h,hy,h,,...,h (m +1) vertices t, ty, t,,...,t; for s > 1, where t is the center vertex
and ty,t,,...,ts are pendant vertices. To form the graph G = Sqt (/, n, m) attach the center vertex h of St(/) with
the end vertex ‘a’ of 6 (2,2,...,2) and join the center vertex t of St(m) with the end vertex ‘b’ of 6 (2,2,...,2). G
has (n +2 + /+ m) vertices and (2n + / + m ) edges.

The vertex set V(G) ={a, v, b, h;, t;/i1=1,2,..,n,j=1,2,..., land t = 1,2,...,m}. The edge set E(G) ={av; / i
=1,2,.,n}U{vib/i=12,..,nfUfha/j=1,2,..1} U{tb/s=12,.,m}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as ALUBUHUT where A = {f(a), f(b)}, B={f(vi) /i=1,2,..., n}, H

={f(h) /j=1,2,., 1 T={f(t;) / s=1,2,.., m}. The edge label set of G can be written as N;'N, LU0 where
N1= {g(avi) / i= 1; 2;--‘; n}l N2= {g(vlb) / i= llzl“'l n}l L= {g(hla) /J = 112I"'I I}r 0= {g(tsb) / S= 112;-~-;m}-
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Let/=(n—-1). Let mand nbe evenand /, n > 2. Let n=(2p ), m = (2q ) where p and q are positive
integers and p >0, q > 0. Therefore /=(2p—1).

Let the labeling f on the vertices of G be defined by f(v;) = (i— 1) for 1 <i < (2p), (h;) = (4p+2g-1+j) for
1<j < (2p—1), f(ts) = (2p — 1+s) for 1 < s < (2q), f(a) = (6p+29-1), f(b) = (4p + 29 — 1).

The induced labeling g on the edges of G is defined by g(av; ) = (6p+2qg— i) for 1<i < (2p), g(v; b) =
(4p+2g-i) for 1<i<(2p), g(h;a) =(2p —j) for 1 <j< (2p —1), gltsb) = (2p + 2 —s) for 1 < s < (2q).

The vertex labels of G can be arranged in the following order. A = {(4p + 29 — 1), (6p + 29 — 1)}, B =
{0,1,...,2p—-1)}, H={(4p + 29),..., (Bp + 2 — 2)}, T = {(2p), (2p +1),...,(2p + 2g — 1)}. The set of vertex labels
of Gis AUBUHUT={0,1,2, ..., 2p - 1), (2p),..., 2p+2q—1), (4p +2q—1), (4p +2q),...,(6p + 20— 2), (6p + 2q
- 1)L

The edge labels of G can be arranged in the following order. N;={(4p+2q),..., (6p+29-1)}, N, = {(2p+2q)
,en(4p+20-1))}, L=1{1,2,...,(2p-1)}, O = {(2p), (2p+1),..., (2p+2g-1)}. The set of edge labels of Gis N; LU N, LU
0={1,2,3, .., (6p+2q-1)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G =
Sqt( /, n, m) is graceful, for /=(n—-1), even m, evennand/, n > 2.

Theorem 2.7 Sqt(/, n, m) is graceful, for / = (n-1), even m,odd nand m22,n 2 1.

Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices vy,v,,...,v,. Let St(/) be
a star graph with (/ + 1) vertices h, hy, h,, ..., h; for | 2 1, where h is the center vertex and hy, h,, ..., h, are
pendant vertices. Let St(m) be a star graph with (m + 1) vertices t,ty,t,,...,t; for s > 1, where t is the center
vertex and ty, t,,..., t; are pendant vertices. To form the graph G = Sqt(/, n, m) attach the center vertex h of St(
') with the end vertex ‘a’ of 6 (2,2,...,2) and join the center vertex t of St(m) with the end vertex ‘b’ of 6
(2,2,...,2). Ghas (n + 2 + / + m) vertices and (2n + / + m ) edges.

The vertex set V(G) ={a, v, b, h;, t,/i=1,2,...,n,j=1,2,.., land t = 1,2,..,m}. The edge set E(G) = {av; /
i=12,.,ntU{vb/i=1,2,.,nfha/j=1,2,., 1 Utb/s=1,2,..,m}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT whereA = {f(a), f(b)}, B={f(v)) /i=1,2,..,n}, H
={f(h;)/i=1,2,.., 1}, T={f(t;) / s=1,2,.., m}. The edge label set of G can be written as N; U N, U L W O where
N.={g(avy)/i=1,2,..,n}, N,={g(vb)/i=1,2,..,n},L={g(ha)/j=1,2,.,1},0={g(tb) /s=1, 2, ..., m}.

Let/=(n—1). Let mbeevenandnbeoddandm > 2,n 21.letn=(2p+1), m=(2q)wherepandq
are positive integers and p >0, g > 0. Therefore /=(2p).

Let the labeling f on the vertices of G be defined by f(v;) = (i—1) forl<i < (2p+1), f(h;) = (4p+2q+1+ j)for
1<j< (2p), f(ts)=(2p +s) for 1 < s < (2q), f(a) = (6p + 29 + 2), f(b) = (4p + 29 + 1).

The induced labeling g on the edges of G is defined by g(av; ) = (6p+2g+3 —i) for 1 <i < (2p + 1), g(v; b)
= (4p+2g+2—-i)for1<i<(2p+1),g(h;a)=(2p +1-j) for 1<j<2p, g(th) = (2p+2g+1-s) r1<s< (2q).

The vertex labels of G can be arranged in the following order. A = {(4p + 2q + 1), (6p + 29 + 2)}, B =
{0,1,..,2p) L, H={(4p + 29 + 2),..., (Bp + 2q + 1)}, T={(2p + 1), (2p + 2),..., (2p + 2q)}. The set of vertex labels of
Gis AUBUHUT={0, 1,2, ...,(2p), 2p + I),..., (2p + 2q), (4p + 2q + 1), (4p + 2q +2),..., (6p + 2q + 1), (6p + 2q + 2
)}

The edge labels of G can be arranged in the following order. N, = {(4p+2g+ 2),..., (6p+29+2)}, N, =
{(2p+2g+1,..., (4p+2g+1))}, L={1,2,...,.2p}, O ={(2p +1), (2p+2),..., (2p + 2q)}. The set of edge labels of G is N,\!
N,ULUO={1,2,3,..,(6p+2q+2)}

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G =
Sqt(/, n, m) is graceful, for /= (n—-1),even m,oddnand m=>2,n2>1.

Theorem 2.8 Sqt(/, n, m) is graceful, for / = (n-1), odd m,evennand m21,n > 2.

Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices v4,v,,...,v,. Let St(/) be
a star graph with (/ + 1) vertices h, hy, h,, ..., h; for | > 1, where h is the center vertex and hy, h,,..., h; are
pendant vertices. Let St(m) be a star graph with (m +1) vertices t, ty, t,,...,t; for s 2 1, where t is the center
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vertex and ty, t,,...,t; are pendant vertices. To form the graph G = Sqt(/, n, m) attach the center vertex h of St(/)
with the end vertex ‘a’ of 0 (2,2,..,2) and join the center vertex t of St(m) with the end vertex ‘b’ of 6
(2,2,...,2). Ghas (n + 2 + / + m) vertices and (2n + / + m ) edges.

The vertex set V(G) ={a, vi, b, h, t;/i=1,2,..,n,j=1,2,.., /and t = 1,2,...,m}. The edge set E(G) = {av; /i
=1,2,.,n}U{vib/i=1,2,.,nfUfha/j=1,2,.., [} Uftb/s=1,2,.,m}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT whereA ={f(a), f(b)}, B={f(v;)) / i=1,2,..,n}, H
={f(h) / j=1,2,.., 1} T={f(t) /s = 1,2,..., m}. The edge label set of G can be written as N;\/N,JLUO where N,
={g(avi) /i=1,2,..,n}, No={g(vib) /i=1,2,..,n}, L={g(ha) /j=1, 2,..., I}, O={g(tb) /s=1,2,..,m}.

Let/=(n—1). Let mbe odd, nbeevenand m > 1,n2>2. Letn=(2p), m=(2q + 1) where p and q are
positive integers and p >0, q > 0. Therefore /= (2p—1).

Let the labeling f on the vertices of G be defined by f(v;) = (i — 1) for 1< i < (2p), f(h;) = (4p+q+j) for 1<
< (2p-1), f(t) =2p—1+s) for 1 <s<(2q + 1), f(a) = (6p + 2q), f(b) =(4p + 2q).

The induced labeling g on the edges of G is defined by g(av; ) = (6p+2q+1-i) for 1 <i < (2p), g(v; b) =
(4p+2g+1-i)for1<i< (2p), glhja) = (2p—j)for1<j<(2p—1), g(tsb)=(2p+2g+1—s)forl<s< (2q+1).

The vertex labels of G can be arranged in the following order. A={(4p +2q), (6p + 2q)}, B={0,1,...,(2p
-1)LH={(4p+29+1),.,(6p+29-1)}, T={(2p), (2p + 1),.., (2p + 2q)}. The set of vertex labels of G is
AUBUHUT={0, 1, 2, ..., (2p-1), (2p ),..., 2p + 20 ), (4p + 29 ), (4p + 2q + 1),..., (6p + 2 — 1), (6p + 2q)}.

The edge labels of G can be arranged in the following order. N; = {(4p+2g+1),..., (6p+2q)}, N,
{(2p+2g+1),..., (4p+2q))}, L = {1,2,...,(2p-1)}, O = {(2p), (2p+1),..., (2p+ 2q)}. The set of edge labels of G is
N,UN,ULUO0={1,2,3, ..., (6p +2q)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G

Sqt(/, n, m) is graceful, for / = (n — 1), odd m, even n and m 21, n >2.

Theorem 2.9 Sqt;(/, n, m)o St(r) is graceful, for I=(n—-1),/,n,m,r 2 1.

Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices v4,v,,...,v,. Form the
graph Sqt(/, n, m). Let St(r) be a star graph with (r + 1) vertices w,w4,w,,..., w, for r > 1, where w is the center
vertex and wq,w,,...,w, are pendant vertices. To form the graph G = Sqt(/, n, m) o St(r) attach the vertex w of
St(r) with  a vertex v; (1 <i<n)of Sqt(/, n, m),say vo,. Ghas(n+2+/+ m +r) verticesand (2n+/+m + r)
edges.

The vertex set V(G) ={a, v, b, h;, t, we /i1=1,2,.,n,j=12,.1,s=1,2,.,mand k=1, 2,.., r}. The
edge set E(G) ={av;/i=1,2,..,n}U{vib/i=1,2,.,ntUha/j=12,., M{tb/s=12,.m} Hwyv, / k=1,
2,..., 1}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT UC where A ={f(a), f(b)}, B={f(v) /i=1,2,..,
nh, H={f(h) / j=1,2,.., 1}, T={f(t) /s=1,2,.., m}, C={f(wy) / k=1,2,.., r}. The edge label set of G can be
writtenas N; U N, U LU O UMwhere Ny={g(avi)) /i=1,2,..,n}, No={g(vib) /i=1,2,.,n} L={g(ha)/j=1,
2,.., I}, 0={g(tb) /s=1,2,.,m}, M={g(wv,)/ k=1,2,..,r}.

Let the labeling f on the vertices of G be defined by f(v;)) = (i—1) for1<i<n, f(h)=(2n+m-1+j)
for1<j</ f(ty) = (n—1+s)forl1<s<m, f(w)= (2n+l+ m+k)forl1< k < r,f(a)=(3n+m-1), f(b)=(2n+ m —
1).

The induced labeling g on the edges of G is defined by g(av;) =(2n+/ +m+1—i) for 1<i < n, g(v; b)
=(n+/[+m+1-i) for 1<i < n, g(h;a) =(/[+1-j) for 1 <j </, g(tsb) =(n+m—s) for 1 < s < m, g(wyvq) = (2n +/+ m + k)
fori<k<r.

The vertex labels of G can be arranged in the following order. A = {(2n+m-1), (3n+m-1)}, B ={0,1,...,(n—
1)}, H ={(2n+m), (2n+m+1),...,(3n+m-2)},T = {n,...,(n+m-1)}, C = {(2n+ / +m+1), (2n+ [ +m+2),..., (2n+/ +m+r)}.
The set of vertex labels of G is AUBUHUTUC = {0,1,2, ..., (n-1), n, (n+l),..., (n+m=1), (2n+m-1), (2n+m),

(2n+m+1),..., Bn+m-2),Bn+m-1), 2n+/+m+1),2n+/+m+2),.,(2n +/+m +1)}.
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The edge labels of G can be arranged in the following order. N, ={(2n + m), (2n+m+1),..., (3n+m-1)},
N, = {(n+m), (n+m+1),..., (2n+m-I)}, L = {1,2,..., (n-1)}, O = {n,...,(n+m-1)}, M = {(2n+ | +m+1), (2n+ | +m+2),...,
(2n+ [ +m+r)}. The set of edge labels of Gis N;UN,ULUOUM={1, 2,3, ..., (2n+/+m +r)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G =
Sqti(/, n, m)o St(r) is graceful, for /I=(n—-1),/, n,m,r> 1.
Theorem 2.10 Sqt(/, n, m) is graceful, for /=m, evenn,evenm and m=22,n22.
Proof. Consider the theta graph 0 (2,2,...,2) with end vertices a and b and inner vertices v, v,,...,v,. Let St(/) be
a star graph with (/ + 1) vertices h, hy, h,,..., h; for [ > 1, where h is the center vertex and hy, h,, ..., h;are
pendant vertices. Let St(m) be a star graph with (m + 1) vertices t, t, t,, ..., t;for s 2 1, where t is the center
vertex and ty, t,, ..., t;are pendant vertices. To form the graph G = Sqt(/, n, m ) attach the center vertex h of
St(/) with the end vertex ‘@’ of 8 (2,2,...,2) and join the center vertex t of St(m) with the end vertex ‘b’ of 6
(2,2,...,2). Ghas(n+2+/+m)vertices and (2n +/+ m ) edges.

The vertex set V(G) ={a, v, b, h, t;/i=1,2,.,n,j=1,2,..,land t =1, 2,.., m}.
The edge set E(G) ={av;/i=1,2,.,n}U{vb/i=1,2,..,n}Hha/j=12,.}UHtb/s=1,2,..,m}.

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT where A = { f(a), f(b)}, B={f(v) /i=1,2,..,n}, H
={f(h;) /j=1,2,., 1, T={f(t) /s =1, 2, ..., m}. The edge label set of G can be written as N;\J N, L/ L W/ O where
Ni={g(av)/i=1,2,...,n} N,={g(vb)/i=1,2,..,n}, L={g(ha)/j=1,2,..1},0={g(tb) /s=1,2,.. m}

Let /= (m). Let mand n be evenand m, n 2 2. Letn=(2p ), m = (2q ) where p and q are positive
integers and p >0, q > 0. Therefore /=(2q).

Let the labeling f on the vertices of G be defined by f(v;) =(i — 1) for 1<i < (2p), f(h;)) = (4p—1+2]j) for 1
< j<(2q), f(ts) = (2p + 49 — 2s) forl < s < (2q), f(a) = (4p+4q), f(b) = (2p + 4q).

The induced labeling g on the edges of G is defined by g(av;) = (4p + 49 + 1—i ) for 1 <i < (2p), g(v; b)
= (2p+4q+1-i) for 1 <i<(2p), g(h; a) = (4g+1- 2j) for 1< j< (2q), g(tsb) = (2s) for 1 <s < (2q).

The vertex labels of G can be arranged in the following order. A ={(2p+4q), (4p+4q)},B = {0,1,...,(2p—
1)}, H = {(4p+1), (4p+3),...,(4p+49-1)},T = {(2p), (2p+2),..., (2p + 4q — 2)}. The set of vertex labels of G is
AUBUHUT={0,1,2, ..., (2p-1), (2p), (2p+2),...,(2p+4q — 2), (2p+4q), (4p+1 ), (4p+3),..., (Ap+4qg-1), (4p+4q)}.

The edge labels of G can be arranged in the following order. N, ={ (2p + 49 + 1), (2p + 4q + 2),...,(4p +
49 )}, N, ={(4q + 1), (49 +2),..,, (49 + 2p)}, L={1,3,5,...,(49-1)}, O ={2,4,6,...,(49)}. The set of edge labels of G is
N, UN,ULUO ={1,2,3,...,(4p + 4q)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G =
Sqt(/, n, m) is graceful, for/=m, evenn,even m andm 22,n22.
Theorem 2.11 Sqt(/, n, m) is graceful, for /I=m,even n,oddm andm=21,n22,
Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices v, Vv,,..., Vn. Let St(/)
be a star graph with (/ +1) vertices h, hy, h,, ..., h;for [ 2 1, where h is the center vertex and hy, h,,..., h;, are
pendant vertices. Let St(m) be a star graph with (m +1) vertices t, ty, t,,..., t; for s > 1, where t is the center
vertex and ty, t,, ..., t; are pendant vertices. To form the graph G = Sqt (/, n, m) attach the center vertex h of St(/)
with the end vertex ‘a’ of 6 (2,2,..,2) and join the center vertex t of St(m) with the end vertex ‘b’ of ©
(2,2,..,2). G has(n+2+/+ m)verticesand (2n + / + m ) edges.

The vertex set V(G) ={a, v, b, h, t,/i=1,2,.,n,j=1,2,..,/Jand t = 1, 2,..., m}. The edge set E(G) = {av; /i
=1,2,.ntU{vib/i=1,2,.nfHha/j=1,2,.., 1} Wtb/s=1,2,.,m}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT whereA={f(a),f(b)},B={f(v)/i=1,2,..,n

LH={f(h)/i=12..,1} T={f(t) /s =12, .. m} The edge label set of G can be written as N;/N,JLUO

where N;={g(av)) /i=1, 2,..n}, N,={g(vb)/i=1,2,..,n}, L={gha)/j=1,2,.,1}, O={g(tb)/s=1,2,.,
m}.
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Let / = (n—1). Let m be odd, n be even and m 21, n 2 2. Let n = (2p), m = (2q + 1) where p and q are
positive integers and p >0, q > 0. Therefore /=(2q +1).

Let the labeling f on the vertices of G be defined by f(v;) = (i —1) for 1<i < (2p), f(h;) = (4p+2j-1)for 1 <
j<(2q+1), f(ts) = (2p+4q+2 — 2s) for1 <s < (2g+ 1), f(a) = (4p + 4q + 2), f(b)=(2p +4q +2).

The induced labeling g on the edges of G is defined by g(av; ) = (4p+4q+3—i) for 1<i < (2p), g(v; b) =
(2p+4qg+3—i) for 1<i < (2p), g(h; a) = (49+3-2j) for 1<j < (2g+1), g(tsb) = (2s) for1<s< (2g+1).

The vertex labels of G can be arranged in the following order. A = {(2p + 4q + 2), (4p+4q+2)}, B =
{0,1,...,(2p—-1)}, H = {(4p+1), (4p+3),..., (4p+4q+1)}, T = {(2p), (2p+2),..., (2p+4q)}. The set of vertex labels of G is
AUBUHUT={0,1,2,...,(2p-1), (2p), (2p+ 2),..., (2p+4q), (2p+4q+2), (4p+1), (4p+3), ..., (4p+4q+1),(4p+4q+2)}.

The edge labels of G can be arranged in the following order. N, = { (2p + 49 + 3), (2p + 49 + 5),...,(4p +
49 +2)}, N;={(49+3), (49+4),.., (4g+2p+2)},L={1,3,5,.,(4g+1)},0={2,4,6,.., (49 + 2)}. The set of
edge labelsof Gis N, UN,ULUO={1,23,..,(4p+4q+2)}

Therefore the set of vertex labels and edge labels are distinct . So f is a graceful labeling. Hence G =
Sqt(/, n, m) is graceful, for /=m, even n,oddm andm >1,n22.

Theorem 2.12 Sqt;(/, n, m)o St(r) is graceful, for /I=m,evennand /,n,m,r 2 1.

Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices v4,v,,...,v,. Form the
graph Sqt(/, n, m). Let St(r) be a star graph with (r + 1) vertices w,wq,W,,...,w, for r > 1, where w is the center
vertex and w;,w,,...,,w, are pendant vertices. To form the graph G = Sqt (/, n, m)o St(r) attach the vertex w of
St(r) with a vertex v; (1 <i< n)of Sqt(/, n,m),sayv;. Ghas (n+2+/+m +r) vertices and (2n+/+m+ r)
edges.

The vertex set V(G) ={a, v;, b, h;, t, w /i=1,2,..,n,j=1,2,..,/,s=1,2,., m and k=1, 2,.., r }. The
edgesetE(G)={av; / i=1,2,..,n}U{vib/i=1,2,..nfU{ha/j=1.2,. Ntb/s=1,2, .., m}U{wv,/k=
1,2,..,r}L

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT LUIC where A = {f(a), f(b)}, B={f(v) /i=1,2,..,n
LH={f(h)/i=1,2,..1} T={flt) /s=12,.,m}, C={flw) /k=1,2,.,r} The edge label set of G can be
written as N, N,U LU O U Mwhere Ni={g(av)/i=1,2,.,n}, No={g(vb)/i=1,2,.,n} L={gha)/j=1,
2,.,1},0={g(tsb) /s=1,2,..,m}, M={g(wev,)/ k=1,2,..,r}

Let the labeling f on the vertices of G be defined by f(v) = (i—1) for 1 <i<n, f(h;) = (2n+2j-1) for 1<
<m, f(t;) = (n+m-2s) for 1< s < m, f(w,) = (2n+2m+k) for 1<k <r, f(a) = (2n + 2m), f(b) = (n + 2m).

The induced labeling g on the edges of G is defined by g(av;) = (2n+2m+1-i) for 1< i <n, g(v; b) =
(n+2m+1-i) for 1 < i< n, g(h; a) = (2m+1-2j) for 1< j < m, g(t,b) = (2s) for 1 <'s < m, g(wyvy) = (2n+2m+k) for 1<
k<r.

The vertex labels of G can be arranged in the following order. A = {(n+2m), (2n+2m)}, B = {0,1,...,(n —
1)}, H = {(2n+1), (2n+3),..., (2n+2m-1)}, T={ n, (n + 2),..., (n+2m=2)}, C ={(2n+2m+1), (2n+2m+2),...,(2n+2m+r)}.
The set of vertex labels of G is AUBUHUTUC ={0,1,2,...,(n-1), n, (n+2), (n+4),...,(n+2m=2), (n+2m), (2n+1),

(2n+m), (2n+3),...,(2n+2m-1), (2n+2m), (2n+2m+1), (2n+2m+2),...,(2n+2m+r)}.

The edge labels of G can be arranged in the following order. Ny ={ (n +2m + 1), (n + 2m + 2),..., (2m +
2n) L, N, ={(2m +1), 2m +2),..,2m+n) },L={1,3,5,..., 2m—-1)},0={2,4,6,...,2m}, M={(2n + 2m + 1),
(2n+2m+2),..., (2n+ 2m +r)}. The set of edge labelsof G isN; UN, U LUOUM={1,2,3,...,(2n+2m+

r)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G =
Sqti(/, n, m )o St(r) is graceful, for /=m,evennand /,n,m, r>1.
Theorem 2.13 Sqt(/,n,m) is graceful, for / = m, odd n, even m, m<nand m 2 2, n 21.
Proof. Consider the theta graph 06 (2,2,...,2) with end vertices a and b and inner vertices vq,v,,...,v,. Let St(/) be
a star graph with (/ +1) vertices h, hy, h,, ..., hy for | > 1,where h is the center vertex and hy, h,, ..., h; are
pendant vertices. Let St(m) be a star graph with (m +1) vertices t, ty, t,,..., t; for s > 1, where t is the center
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vertex and t,t,,...,t; are pendant vertices. To form the graph G = Sqt (/, n, m) attach the center vertex h of St(/)
with the end vertex ‘@’ of 0 (2,2,...,2) and join the center vertex t of St(m) with the end vertex ‘b’ of 6
(2,2,...,2). Ghas (n + 2 + / + m) vertices and (2n + / + m ) edges.

The vertex set V(G) ={a, v;, b, h, t,/i=1,2,..,n,j=1,2,.., land t = 1,2,...,m}. The edge set E(G) = { av; /
i=12,.ntU{vb/i=12,.,n}U{ha/j=12,..,/}U{tb/s=12,..m}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as ALUBLUHUT where A={f(a), f(b) },B={f(v))/i=1,2,..,
nhH={f(h)/j=1,2,.,1}T={f(t)/ s=1,2,..., m}. The edge label set of G can be written as N, N,U LU O
whereN;={g(av)/i=1,2,.,n}, N,={g(vb) /i=1,2,.,n}, L={g(hia) /j=1,2,..,1}, O={gltb)/s=1,2,.,
m}.

Let/=(n—-1). Let mbe even,nbeodd, m<nandm=2,n21. Letn=(2p+ 1), m=(2q ) where p and
g are positive integers and p > 0, q > 0. Therefore /=(2q).

Let the labeling f on the vertices of G be defined by f(v;) = (i —1) for 1<i < (2p+1), f(h) = (4p +2q +1 +
j) for 1 <j<(2q), f(t;) = (2p +2q + 1 —s) for 1 < s <(2q), f(a) = (4p + 4q + 2), f(b) =(2p + 4q).

The induced labeling g on the edges of Gis defined by g(av; ) = (4p +4q +3—i)for1<i< (2p + 1), g(vi
b)=(2p+4q+2—i)for1<i<(2p+1), g(h;a) = (29 +1—j) for 1 <j<2q, g(tb) = (2q +s) for1<s< (2q).

The vertex labels of G can be arranged in the following order. A = {(2p + 4q), (4p + 49 + 2)}, B =
{0,1,..,(2p) , H={(4p +2q + 2),..., (4p+ 4q + 1)}, T={(29 + 1), (29 + 2),...,(4q) }. The set of vertex labels of G
is AUBUHUT={0,1,2,..,(2p), 2p+49+2),(4p+2q+2)..,(4p+4q+1),(29+1),.,4q, (4p+4q+2)}

The edge labels of G can be arranged in the following order. N; = {(2p+4q+2),..., (4p+4q+2)}, N,
={(4q+1),...,(2p+4qg+1))}, L={1,2,...,2q}, O = {(2g9+1), (2g+2),..., (4q)}. The set of edge labels of Gis N; L N, !
LY0={1,23,..,(4p +4q+2)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G
=Sqt(/,n,m) is graceful, for / = m, odd n, even m, m<n and m> 2, n 1.

Theorem 2.14 Sqt(/, n, m) is graceful, for / = m, odd n, odd m, m<n and m2 3, n 21.

Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices v,, v,,...,V,. Let St(/) be
a star graph with (/ +1) vertices h, hy, h,,...,, h; for [ > 1, where h is the center vertex and hy, h,, ..., h; are
pendant vertices. Let St(m) be a star graph with (m + 1) vertices t, t,, t,,..., t, for s 2 1, where t is the center
vertex and ty, t,,..., t; are pendant vertices. To form the graph G = Sqt (/, n, m) attach the center vertex h
of St(/) with the end vertex ‘a’ of 6 (2,2,...,2) and join the center vertex t of St(m) with the end vertex ‘b’ of 6
(2,2,...,2). Ghas (n + 2 + / + m) vertices and (2n + / + m ) edges.

The vertex set V(G) ={a, v;, b, h;, t;/i=1,2,..,n,j=1,2,..,land t = 1, 2,.., m}. The edge set E(G) = {av; /i
=1,2,.,n}U{vb/i=1,2,..,nUtha/j =121} Utb/s=12,., m}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be written as AUBUHUT where A = {f(a), f(b)}, B={f(v)/i=1, 2,..,n}, H

={f(h) / j=1,2,.., 1}, T=A{f(t) /s =1, 2,..., m}. The edge label set of G can be written as N;'UN,'JLUO where

N.={glav;)/i=1,2,..,n}, N,={g(vib) /i=1,2,..,n}, L={g(ha) /j=1, 2,.., [}, O={g(tsb) /s=1,2,.., m}L

Let/=(n—1).Let m,n beodd, m<nandm=>3,n21.letn=(2p+ 1), m=(2g + 1) where p and q are
positive integers and p >0, q > 0. Therefore /=(2q +1).

Let the labeling f on the vertices of G be defined by
flv)=(i—-1)for1<i< (2p+1),f(h)=(4p+2q+2+j)forl<j< (2q9+1),f(t)=(2p+2q+2—s)forl<s< (2q+
1), f(a) = (4p + 4q + 4), f(b) = (2p + 49 + 3).

The induced labeling g on the edges of G is defined by g(av; ) = (4p + 4q + 5—i) for 1 <i < (2p +1), g(v;
b)=(2p+4q+4—i)forl<i<(2p+1),glhja)=(2g+2+j) forl<j<(2q +1),g(tsb) =(2g+1+ s)forl<s<
(29 +1).
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The vertex labels of G can be arranged in the following order. A = {(2p + 4q + 3), (4p + 49 + 4)}, B =
{0,1,...,(2p)}, H={(4p + 29 + 3),..., (4p+ 4q +3)}, T={(29 + 2), (2q + 3),...,(4q + 2)}. The set of vertex labels of G
isAUBUHUT={0,12, .., (2p), (2p + 4q + 3), (4p + 2q + 3)...,(4p + 4q + 3), (2q + 2),...,(4q+2 ), (4p + 4q + 4 )}.

The edge labels of G can be arranged in the following order. N; = {(2p+4q+4),..., (4p + 49 + 4 )}, N,
{(49+3),...,2p+4q+3))}, L={1,2,...,(20+ 1)}, O ={ (29 +2), (29 + 3),..., (49 + 2)}. The set of edge labels of G
isN; UN, UL O=(1,2,3, ..., (4p +4q + 4)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G
Sqt(/,n,m) is graceful, for | = m, odd n, odd m, m< n and m 23, n 21.

Theorem 2.15 Sqt;(/, n, m)oSt(r) is graceful, for /=m, odd n, m<n and /, n, m, r21.

Proof. Consider the theta graph 6 (2,2,...,2) with end vertices a and b and inner vertices v, v,, ...,v,. Form the
graph Sqt(/, n, m). Let St(r) be a star graph with (r + 1) vertices w,wq,W,,...,w, for r > 1, where w is the center
vertex and w;,W,,...,,w, are pendant vertices. To form the graph G = Sqt (/, n, m)oSt(r) attach the vertex w of
St(r) with avertex v; (1 <i<n)ofSqt(/, n, m), say vo. G has (n+ 2 + /+m +r) vertices and (2n+/+m+ r)
edges.

The vertex set V(G) ={a, vi, b, hj, t, w, /1=1,2,..,n,j=1,2,.,/,5s=1,2,.,mand k = 1,2,...r}. The edge
setE(G)={avi/i=12,..,n}U{vib/i=1,2,..,n}{ha/i=1,2,. Mtb/s=12,..,m Hwyv, /k=1,2,.,r}

Let f be the labeling on the set of vertices of G and g be the induced labeling on the set of edges of G.

The vertex label set of G can be writtenas AW B U H U T UC where A ={f(a), f(b)}, B={f(v) /i=1,
2,.,nL, H=Af(h)/j=1,2,., 1} T={f(t;) / s=1,2,., m}, C={f(w)/k=1,2,., r}. The edge label set of G can be
written asN;UN,ULUOUMwhereN;={g(avi)/i=1,2,..,n}, N,={g(vib) /i=1,2,.,n}, L={g(ha) /]
=1,2,..,1},0={g(tb) /s=1,2,..m}, M={g(wev,) / k=1, 2,..., r}

Let the labeling f on the vertices of G be defined by f(v)) = (i— 1) for 1 <i < n, f(h;) = (2n+m+j—1) for 1
<j< m, f(t) = (n+m—s) for 1 <s<m, f(w,) = (2n + 2m + k) for 1 k< r, f(a) = (2n + 2m), f(b)= (n + 2m).

The induced labeling g on the edges of G is defined by g(av; ) = (2n+2m+1-i) for 1<i < n, g(v; b) =
(n+2m+1-i) for 1<i<n, g(h; a) = (m+1-j) for 1 < j < m, g(tsb) = (m +s) for 1 <5 < m, g(wyvy) = (2n+2m+k) forls<
k<.

The vertex labels of G can be arranged in the following order. A ={(n + 2m), (2n + 2m)}, B =
{0,1,..,n=D}L H={2n+m),..,2n+2m -1}, T ={(m+1),(m+2),..,(2m)}, C={(2n +2m + 1), (2n + 2m +
2),..., (2n + 2m + r)}. The set of vertex labelsof GisAUBUHUTUC={0,1,2,..,(n=1), (h+2m), (2n+m
)y 2N+ 2mMm=1), (M +1),(M+2),...,2m),(2n +2m ), (2n + 2m + 1), (2n + 2m + 2),..., (2n + 2m +r)}.

The edge labels of G can be arranged in the following order. Ny ={(n +2m + 1), (n + 2m + 2),...,(2m
+2n )}, N, ={2m + 1), 2m + 2),..., 2m +n )}, L={1,2,...,(m)}, O ={(m + 1), (m + 2),...,2m}, M = {(2n + 2m +1),
(2n+2m +2),...,(2n +2m +r)}. The set of edge labelsof G is N; UN, U LUOUM={1,2,3,..,2n+2m +
r)}.

Therefore the set of vertex labels and edge labels are distinct. So f is a graceful labeling. Hence G =
Sqt;(/, n, m) o St(r) is graceful, for/=m,oddn, m< nand/, n,m, r 1.
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